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Abstract
When the phase transition from the hadronic matter to the deconfined quark-gluon plasma or
quark-gluon liquid is reached, the color degrees of freedom become important and appear explicitly
in the equation of state. Under the extreme conditions, the color degrees of freedom can not
decouple from the other degrees of freedom. The conservation of color charges is maintained by
introducing the color chemical potentials and their fugacities. We demonstrate the explicit role of
color degrees of freedom in the hot and dense matter of the weakly interacting quarks and gluons.
In order to illustrate our approach, we calculate the effective colored quark and gluon propagators
as well as the hard thermal colored quark and gluon loops. The calculations are preformed under
the assumption of the hard thermal loop approximation. Finally, we present the decay rate for the
hard thermal colored quark. The present calculation is relevant to the quarks and gluons which
are not truly deconfined quark-gluon plasma and behave as a fluid in the RHIC energy. The model
can be explored in the LHC energy.
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I. INTRODUCTION
The phase transition diagram from the hadronic phase to the quark-gluon plasma is
very rich and non-trivial. It is thought that when the hadronic matter is compressed and
cooled down at extreme baryonic densities it undergoes phase transition to new forms of
strongly interacting matter such as the color superconducting quark matter and the color-
flavor locked matter. On the other hand, when the hadronic matter is heated up to high
temperatures at low baryonic density, it undergoes smooth phase transition or multiple
phase transitions to the quark-gluon fluid at extreme temperature before explosive and true
deconfined quark-gluon plasma emerges in the system [1–3] [4–6]. Moreover, it is suggested
that there is a possibility for the existence of a new class of matter, namely quarkyonic,
with a specific internal structure when the system is heated up at intermediate baryonic
density. The quarkyonic (i.e. Hagedorn) matter corresponds to non-deconfined and weakly
interacting quark and gluon blobs which maintain specific internal symmetries (with color-
singlet states). It is reasonable to imagine the existence of such intermediate hadronic phases
in order to soften the equation of state below the borderline of the true deconfined quark-
gluon plasma. There is a strong argument that the deconfinement phase transition diagram
has a critical point and underneath that point the hadronic matter undergoes a higher order
phase transition to the Hagedorn matter at extreme temperature and it could be followed
by multi phase transition precesses prior to the eventual deconfinement phase transition to
quark-gluon plasma [1–6]. The role of the Hagedorn matter in RHIC has been considered
in Refs. [7–10]
The quark-gluon plasma is found a perfect fluid with a low viscosity. This discovery
means that the quark-gluon plasma is a weakly interacting matter of quarks and gluons
rather to be free mobile quark-gluon plasma. Since at sufficiently high temperature the
effective gauge running coupling constant is small, the system of the weakly coupled quarks
and gluons can be treated by perturbative methods due to the asymptotic freedom in QCD.
The thermal calculations is preformed by a version of the thermal perturbation theory that
has been developed and improved by several people. A nice review of the field theory at
finite temperature and density is given by Landsman and van Weert [11]. The procedure
has been significantly improved and extended by Braaten and Pisarski in order to improve
the convergence for the higher order loop calculations [12–17]. The physics of the ther-
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mal QCD is reviewed in Ref. [18]. This theory is based on the hard thermal loop (HTL)
re-summation program instead of relying on the bare Green functions. The HTL approxi-
mation is equivalent to the leading term of the high temperature expansion of the diagram
under consideration. Excellent review for the collective dynamics and hard thermal loops is
given by Blaizot and Iancu [19]. Fortunately, the standard version of the HTL re-summation
program is sufficient to calculate the dynamical quantities such as the quasi-particle prop-
erties and the production and loss rates. However, the standard re-summation program
in the thermal perturbation theory may not work at certain order of the running coupling
constant because of the inherently non-perturbative effects of non-Abelian gauge theories.
For instance, there are some calculations, such as the production rate of real photons in
the plasma, are associated with the non-perturbative effect. In this case, the convergence
of the re-summation procedure must be considered carefully [20, 21]. However, the non-
perturbative effect does not affect much on the physical quantities which are considered in
the present work. Consequently, the standard HTL re-summation program is sufficient to
illustrate our approach how to include to color degrees of freedom explicitly in the calcu-
lation. This can be generalized to the non-perturbative calculation. The effective field at
finite density [22, 23] and thermal field with a specific group symmetry in the lattice have
been considered [24].
The explicit color degrees of freedom and the underlying internal color symmetry group
of the quarks and gluons are supposed to be crucial in the deconfinement phase transition
diagram in particular in the intermediate phases such as the Hagedorn, quarkyonic or quark-
gluon fluid. Those intermediate phases are supposed to be located above the low-lying
hadronic matter and just below the explosive deconfined quark-gluon plasma. Furthermore,
the effect of weakly interacting colored quarks and gluons becomes important above the
deconfinement phase transition borderline to quark-gluon plasma in particular when the
medium becomes ultra-extreme hot and/or dense. The color degrees of freedom are the
non-Abelian charges in QCD. They are parameterized by the eigenvalues of the SU(Nc)
symmetry group and their eigenvectors are given by diagonal generators. The quarks carry
Nc fundamental color charges while the gluons carry N
2
c − 1 adjoint color charges. The
conservation of the fundamental and adjoint color charges is maintained by the fundamental
and adjoint imaginary chemical potentials, namely, i θi and i φ
a for quarks and gluons,
respectively. The fundamental and adjoint color indexes i and a, respectively, run over
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i = 1, · · · , Nc and a = 1, · · · , N2c − 1, respectively. The adjoint color chemical potentials are
related to the fundamental ones in the following way,
φa = φ
(AB)︸ ︷︷ ︸,
= (θA − θB) , (1)
with the adjoint representation, namely, a = (AB)︸ ︷︷ ︸ where A,B = 1, · · · , Nc are fundamental-
like indexes and they are given in order to maintain the conservation of the color charges.
Furthermore, the imaginary fundamental and adjoint color chemical potentials can be trans-
formed to real ones by applying the Wick rotation procedure as follows
i
1
β
θi = µCi, (2)
and
i
1
β
φa = µC
a,
i
1
β
φa → i 1
β
φ
(AB)︸ ︷︷ ︸,
= i
1
β
(θA − θB) ,
= (µCA − µCB) . (3)
The fugacities of the fundamental and adjoint color charges are given by the fundamental
and adjoint real (i.e. not imaginary) color chemical potentials. The real color chemical
potentials µCi where i = 1, · · · , Nc are essential to control the color charge densities in the
equilibrium reaction.
It is relevant to note that the color chemical potentials are related to the Polyakov loop
Φ in the following way,
Φ =
1
Nc
trL(x). (4)
The Polyakov loop matrix is given by
L(x) = P exp
[
−
∫ β
0
dτtaAa0(x, τ)
]
, (5)
where P is the path ordering. The Polyakov gauge, L ≡ L(x) in the mean field approxima-
tion is written as follows
L = diag
({eiθi})→ diag ({eβ µCi}) . (6)
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Hence, the Polyakov loop is reduced to
Φ =
1
Nc
trL→ 1
Nc
Nc∑
i=1
eiθi → 1
Nc
Nc∑
i=1
eβ µCi. (7)
For the symmetric group SU(3), there is two independent variables namely the Polyakov
loop Φ and its complex conjugate Φ∗. Those two Polyakov variables correspond to the
two independent chemical potentials in the SU(3), namely, µC1 and µC2. The Polyakov
loop is the parameter of the spontaneous Z3 symmetry breaking. This is associated with
the deconfinement phase transition. However, the Polyakov loop parametrization becomes
questionable above the deconfinement phase transition in particular when the color and flavor
degrees of freedom are coupled with each other in a way that the color degrees of freedom can
not be separated from the rest of the other degrees of freedom. In the deconfinement phase
transition, it is naively to assume that the quarks and gluons carry explicit color degrees of
freedom with specific color chemical potentials in order to control the color charges in the
equilibrium.
Recently, the explicit color degrees of freedom have been considered to study the semi
quark-gluon-plasma using the double line basis at finite Nc of SU(Nc) symmetry group and
Z(Nc) interface [25–27]. The approach considered in the present work resembles to some
extent that one has been considered in Ref. [25–27], though they apparently look different.
The outline of the present paper is as follows: In Section II, the Cartan sub-algebra is
reviewed for the fundamental and adjoint SU(Nc) symmetry group. The fundamental and
adjoint constructions are essential to define the color degrees of freedom for quarks and glu-
ons, respectively, in the QCD. In section III, the thermal field theory in the imaginary-time
formalism is extended to include the color degrees of freedom explicitly. The thermal prop-
agators for the colored quarks and gluons are introduced in the context of the mixed-time
representation of the imaginary-time formulation. In section IV, the contraction and reduc-
tion of the fundamental and adjoint color indexes of the SU(Nc) symmetry group are given
for the quark’s self-energy and the gluon’s polarization tensor as illustrative examples of the
present procedure. Furthermore, a special attention is given for the color contraction for
the colored quark screening frequency and the colored gluon Debye mass. In section V, the
HTL self-energy for the soft colored quark is calculated. The quark’s external momentum is
assumed soft in comparison with the hard momentum of the internal loop. In this approx-
imation, when the soft external momentum is assumed to be of order g T , the momentum
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of internal loop becomes of order T . The ratio between the soft momentum over the hard
momentum is of order g (i.e. p/k ∼ g). In the calculation course of the quark self-energy,
the color degrees of freedom are considered explicitly for the fundamental quarks and ad-
joint gluons. The calculations of the colored plasma frequency and the effective propagator
for the soft colored quark are given in detail. In section VI, the HTL polarization tensor
for the soft colored gluon is calculated. The gluon’s external momentum is taken soft in
comparison with the hard internal loop momentum. The external momentum is considered
soft and of order p ∼ g T while the hard internal momentum is taken of order T . The Debye
mass and the effective propagator for the soft colored gluon are presented. In section VII,
the effective quark-quark-gluon vertex and the effective two-quarks and two-gluons vertex
up to the relevant corrections of order g3 and g4, respectively, are introduced. In section
VIII, the effective self-energy and the decay rate for the colored (hard) quark are presented
to illustrate the procedure of the HTL approximation when the color degrees of freedom is
considered explicitly in the calculation and they can not be separated from the other degrees
of freedom. Finally, the discussions and conclusions are given in section IX.
II. FUNDAMENTAL AND ADJOINT SU(Nc) CARTAN SUB-ALGEBRA
A semi-simple Lie algebra can be written as a direct sum of simple Lie algebras. The
necessary and sufficient condition to be semi-simple is that group matrix, namely, g is
nonsingular, i.e.det(g) 6= 0. The Cartan metric can tell us directly whether or not a Lie
algebra is semi-simple. We have the freedom of taking a new basis vectors. The set of new
basis vectors can be written as linear combinations of the old ones. The overt form of the
commutation relation is changed when the the basis vectors are transformed from one set to
another. The commutation relations look rather different, but of course they are completely
equivalent to the first form. The Cartan way of presenting the commutation relation is
a generalization of lowering and raising operators. In the fundamental representation, the
maximal number of the commuting fundamental generators of the SU(Nc) symmetry group
is Nc−1 while for U(Nc) is Nc. The maximal set of commuting generators [ti, tj] = 0 form a
bases set for the Cartan sub algebra and the number of such generators is the rank of group.
The simultaneous eigenvalues of the ti will be used to label the states of any representation
[ti, tj] = 0, where the lower index i refers to the fundamental index i = 1, · · · , Nc − 1 for
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the diagonal fundamental generators. Analogous to the lowering and raising operator in the
quantum mechanics, we take linear combination t∗α of the remaining N2c −Nc generators so
that they have the property of step operators with respect to all of the ti, namely
[t∗i , t
∗α] ∝ t∗α. (8)
Our objective of the Cartan sub-algebra is to write the commutation relations of the funda-
mental generators in order to achieve the diagonalizing of the adjoint action of ti. The goal
is to reach a class of good quantum numbers requires that the matrix elements for φaTa is
diagonal in the adjoint representation where Ta are the adjoint generators and the upper
index a refers to the adjoint index a = 1, · · · , N2c − 1.
A. The group generators in the fundamental representation
The discussion in the present section is applicable to the theoretic symmetry group
SU(Nc) or U(Nc) for any Nc. The focus on the theoretic symmetry group SU(3) is for
the sake of simplicity and to illustrate the method strategy in a visible way.
The maximal set of the commuting generators for the theoretic symmetry group SU(3)
with respect to fundamental generators [λ3, λ8] = 0, where {λa} are the Gell-mann matri-
ces, forms a bases set for the Cartan sub-algebra. The generators {λa} are the common
generators which are usually adopted in QCD. The fundamental matrices λ3 and λ8 are
real traceless diagonal matrices. On the other hand, the rest of the fundamental generators
do not commute with each others
[
λa, λb
] 6= 0 for a 6= b and a, b = 1, 2, 4, 5, 6, 7. The
symmetry group SU(Nc) has rank Nc − 1. The group rank is the number of independent
real traceless diagonal fundamental matrices. It is possible to introduce a new set of funda-
mental generators ti, where i = 1, · · · , Nc − 1. In the case of symmetry group SU(3), we
have {t1, t2} ≡ {λ3, λ8}. The non-diagonal fundamental matrices are assigned by t∗J where
J = 1, · · · , N2c −Nc. In the symmetry group SU(3), the new generators t∗J are written as
linear combinations of the old ones, namely, t∗J ≡ {λ1, λ2, λ4, λ5, λ6, λ7}. It is possible to
introduce N2c −Nc fundamental matrices for SU(Nc). These new fundamental matrices are
defined in the following way
t∗
J → t∗
(AB)︸ ︷︷ ︸, (whereA 6= B), (9)
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whose entries are just a 1 in the (AB)︸ ︷︷ ︸ place and zero elsewhere, i.e.(
t∗
(AB)︸ ︷︷ ︸)
kl
= δAkδBl. (10)
The both fundamental-like indexes A and B run over 1, · · · , Nc. In the case of SU(3)
symmetry group, the fundamental generators of this transformation are related to the Gell-
mann matrices, namely, {λi} as follows
t∗
(12)︸︷︷︸ = (λ1 + iλ2), t∗(13)︸︷︷︸ = (λ4 + iλ5), t∗(23)︸︷︷︸ = (λ6 + iλ7),
t∗
(21)︸︷︷︸ = (λ1 − iλ2), t∗(31)︸︷︷︸ = (λ4 − iλ5), t∗(32)︸︷︷︸ = (λ6 − iλ7). (11)
For the definiteness, the traceless diagonal matrices ti which are the bases for the Cartan
sub-algebra with the index i that runs over (i = 1, · · · , Nc − 1) are defined as follows
(ti)kl = δik δil −
1
Nc
δlk. (12)
It is worth to note that for the U(Nc) symmetry group, we have the representation(
t
(AB)︸ ︷︷ ︸)
ij
= δAi δBj where A,B = 1, · · · , Nc. Furthermore, in the SU(Nc) symmetry
group, we have the unimodular constraint over the U(Nc) symmetry group. The complete
set of fundamental generators for the SU(Nc) symmetry group are reduced to following set
{ta} → ({t∗J} ,J = 1, · · · N2c −Nc, and {ti} , i = 1, · · · , Nc − 1) ,
→

{
t∗
(AB)︸ ︷︷ ︸}∣∣∣∣∣
A 6=B
, (AB)︸ ︷︷ ︸ = 1, · · · , N2c −Nc
{ti} , i = 1, · · · , Nc − 1
 , (13)
where the adjoint index runs over a = 1, · · · , N2c − 1. Nonetheless, it is more comfortable
in the realistic calculations to define new fundamental generators that are transformed as
follows
xiti = diag (θ1, θ2, · · · , θNc) , (14)
where the constraint
∑Nc
i=1 θi = 0 or θNc = −
∑Nc−1
i=1 θi is imposed. The new set is related to
the old one as follows
xiti =
Nc∑
i=1
θit˜i,
=
Nc−1∑
i=1
θit˜
′
i. (15)
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where
(
t˜i
)
nm
= δin δim or
(
t˜
′
i
)
nm
= (δin − δnNc) δnm. For the sake of simplification, we
define
t
(AA)︸ ︷︷ ︸ = t˜A, (16)
where the index A = i acts as a fundamental-like index and it runs over (1, · · · , Nc). Hence,
the new generators are related to the Gell-mann generators as follows
t˜1 =
√
3
6
λ8 +
1
2
λ3 +
1
3
I,
t˜2 =
√
3
6
λ8 − 1
2
λ3 +
1
3
I,
t˜3 =
1
3
I −
√
3
3
λ8, (17)
where the following constraint is imposed
Nc=3∑
i=1
θi = 0, and (θ1, θ2, θ3). (18)
Furthermore, it is possible to define another new set of fundamental generators in the fol-
lowing way
t˜′1 =
1
2
(√
3λ8 + λ3
)
,
t˜′2 =
1
2
(√
3λ8 − λ3
)
,
I, and (θ1, θ2) . (19)
This means that it is always possible to find a linear combination for the diagonal matrices
from one form to another. The diagonal representation of any new set must commute with
each other
[ti, tj] ≡
[
t˜i, t˜j
] ≡ [t˜′i, t˜′j] = 0. (20)
B. Adjoint representation and the diagonalizing of the (θaT
a)
The simultaneous eigenvalues of the fundamental generators ti will be used to label the
states of any representation. The commutation relations of the Cartan sub-algebra bases
can be cast as
[ti, tj] = 0 tj, (i, j = 1, · · · , Nc − 1). (21)
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The diagonal representation xi ti commutes with any linear combination of the diagonal set
{ti} as follows
[xiti, cjtj] = 0. (22)
The Cartan sub-algebra for the fundamental diagonal generators gives zero eigenvalues. The
remaining non-diagonal generators of the fundamental group can be transformed to another
new set that is represented by
t∗
J → t∗
(AB)︸ ︷︷ ︸, (A 6= B), (A,B = 1, · · · , Nc), (23)
where J = 1, · · ·N2c − Nc and J ≡ (AB)︸ ︷︷ ︸. These bases have the property of step operator
with respect to all of the ti and satisfy the following commutation relation
[
xiti, t
∗J
] ∝ t∗J → [xiti, t∗(AB)︸ ︷︷ ︸
]
∝ t∗
(AB)︸ ︷︷ ︸. (24)
Furthermore, it is possible to generalize the commutation relation to include the both diag-
onal and non-diagonal bases as follows
[xjtj, t
∗a] ∝ t∗α,
= −λt∗a, (a = 1, · · · , N2c − 1), (25)
where the constant λ is the proportionality constant that is inverted to be the eigenvalue
of the operator (it should not to be confused with the Gell-mann generators λa). The set
of fundamental generators {ta} with the adjoint index a runs over 1, · · · , N2c − 1 consists of
the non-diagonal fundamental generators {tJ } where J runs over 1, · · · , N2c − Nc and the
diagonal fundamental generators {ti} with the fundamental index i runs over 1, · · · , Nc− 1.
These commutation relations have Nc − 1 zero eigenvalues. The fundamental theorem of
Cartan is that the nonzero eigenvalues are non degenerate.
In order to achieve the diagonalizing of the adjoint action of x ·T, it is possible to write
commutation relations as follows
[xjtj, t
∗a] = xj
[
i fjab t
∗b
]
,
= −xj
(
Tj
)
ab
t∗
b,
= − (x ·T)ab t∗b. (26)
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The last line is derived due to the fact that the commutation constants of the fundamental
generators are the adjoint generators of the group,
(Tc)ab = −i fcab. (27)
When a second order commutation relation is applied, the adjoint operation emerges
[xiti, [xjtj, t
∗a]] = −λ [xjtj , t∗a] ,
= −λ δab
[
xjtj , t
∗b
]
,
= − (x ·T)ab
[
xjtj , t
∗b
]
. (28)
The diagonalizing of the adjoint generator is done in the following way
[(x ·T)ab − λδab] X = 0, (29)
with the eigenvector
X =
[
xjtj , t
∗b
]
. (30)
This means that we are looking for the eigenvalues of the following equation
det ((x ·T)ab − λδab) = 0. (31)
It is noted that xi fiab is real when xi is assumed to be real. Hence, the operator xi (T
i)ab is
pure imaginary and antisymmetric and therefore it is Hermitian matrix with real eigenvalues.
The eigenvalues of the adjoint matrix are identified by Nc− 1 zero eigenvalues and N2c −Nc
nonzero eigenvalues. In order to determine the eigenvalues, we assume the following algebra
{t∗J } ≡ {t∗
(AB)︸ ︷︷ ︸}, (with A 6= B, and J = 1, · · · , N2 −Nc),[
xiti, t
∗
(AB)︸ ︷︷ ︸] = [xctc, t∗(AB)︸ ︷︷ ︸
]
, (with i = 1, · · · , Nc − 1). (32)
The commutation relation is reduced to[
xiti, t
∗
(AB)︸ ︷︷ ︸] = Nc∑
C=1
θC eˆC · (eˆA − eˆB) t∗
(AB)︸ ︷︷ ︸,
= − (θB − θA) t∗
(AB)︸ ︷︷ ︸. (33)
The affine transformation bases eˆA and eˆB are unit Nc-dimensional vectors pointing in the A
and B directions respectively. The representation t∗
(AB)︸ ︷︷ ︸ is the root generator (i.e. vector).
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The summary of the commutation relations with Nc−1 zero eigenvalues and N2c −Nc nonzero
eigenvalues is given by
[x · t, ta]→

[
x · t, t∗
(AB)︸ ︷︷ ︸] = −(θB − θA)t∗(AB)︸ ︷︷ ︸
[x · t, ti] = 0ti
 . (34)
The resulting eigenvalues read
λ ≡ {λa} = diag
({
(θB − θA)A 6=B
}
1,··· , N2c−Nc
, {0}1,··· ,Nc−1
)
, (35)
or any permutation of the diagonal elements, where a = 1 · · · N2c − 1. In the realistic
calculation such as SU(3), the zero eigenvalues are for the generators λ3 and λ8 and the
other eigenvalues are nonzero for the generators λ1, λ2, λ4, λ5, λ6 and λ7 and according to
the fundamental theorem of Cartan: the nonzero eigenvalues are non degenerate. In case of
U(3) and SU(3), the fundamental and adjoint representations read
x · t =

θ1 0 0
0 θ2 0
0 0 θ3
 , (36)
and
x ·T =

(θ1 − θ2) 0 0 0 0 0 0 0
0 (θ2 − θ1) 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 (θ1 − θ3) 0 0 0 0
0 0 0 0 (θ3 − θ1) 0 0 0
0 0 0 0 0 (θ2 − θ3) 0 0
0 0 0 0 0 0 (θ3 − θ2) 0
0 0 0 0 0 0 0 0

, (37)
where θ3 = −(θ1 + θ2) for SU(3). It should be noted that the operators x · t and x ·T can
be transformed from one form to another and even the diagonal elements can be permuted
in different ways but a thorough consideration must be followed in order to preserve the
conservation of the color charges.
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III. THE THERMAL PROPAGATORS IN THE MIXED-TIME REPRESENTA-
TION
The Lagrangian for the non-Abelian fundamental and adjoint particles in the theoretic
SU(Nc) symmetry group reads,
L = −1
4
F µνaFµν
a +
∑
f
ψf (iγ
µDµ −m)ψf . (38)
The fundamental operator acting of the fundamental field is given by
Dµ = ∂µ − i g Aµa ta, (39)
while the adjoint field is given by
Fµν
a = [Dµ, Dν ]/ig
= ∂µAν
a − ∂νAµa + g fabcAµbAνc, (40)
where the adjoint index a runs over (1, · · · , N2c − 1).
A. Thermal Quark propagator
The propagator, for free fundamental particle in the limit g → 0, reads
S0Q(k) = i
1(
γ0k0 − ~γ · ~k −mQ
) ,
or iS0Q(k) =
−1(
γ0k0 − ~γ · ~k −mQ
) . (41)
When the fundamental particles are embedded in the SU(Nc) color symmetry group repre-
sentation, it is transformed as follows
k0 → k0 + i 1
β
θ · t. (42)
Under the flavor charge conservation U(1)B, it is transformed to
k0 → k0 + µQ + i 1
β
θ · t, (43)
where µQ = µB+µS+· · · is the flavor chemical potential that is satisfying the (flavor-) charge
conservation such as the baryonic and strangeness charges. In the context of the diagonal
13
fundamental representation transformation with fundamental operators that commute with
the Hamiltonian of fundamental particles, the fundamental representation is reduced to
θ · t =

θ1 0 0
...
. . .
...
0 0 θNc
 , with constraint
Nc∑
i=1
θi = 0. (44)
This leaves Nc − 1 conservative color charges. It is more convenience for the practical
calculation to factorize the propagator of the fundamental particle into positive and negative
energy components as follows
SQ(k0, ~k) = S0Q
(
k0 + µQ +
1
β
iθ · t, ~k
)
,
= i
1
2
[
γ0 − 1
ǫQ(~k)
(
~k · ~γ −mQ
)] 1
k0 −
[
ǫQ(~k)−
(
µQ + i
1
β
θ · t
)]
+i
1
2
[
γ0 +
1
ǫQ(~k)
(
~k · ~γ −mQ
)] 1
k0 +
[
ǫQ(~k) +
(
µQ + i
1
β
θ · t
)] . (45)
It can be written in terms of the Foldy-Wouthuysen decomposition:
SQ(k0, ~k) = i
 Λ(+)Q (~k) γ0
k0 −
[
ǫQ(~k)−
(
µQ + i
1
β
θ · t
)] + Λ(−)Q (~k) γ0
k0 +
[
ǫQ(~k) +
(
µQ + i
1
β
θ · t
)]
 . (46)
The projections Λ
(±)
Q (
~k) are the Foldy-Wouthuysen positive and negative energy projections
and they are given, respectively, by
Λ
(+)
Q (
~k) =
1
2ǫQ(~k)
[
ǫQ(~k) + γ0
(
~γ · ~k +mQ
)]
,
Λ
(−)
Q (
~k) =
1
2ǫQ(~k)
[
ǫQ(~k)− γ0
(
~γ · ~k +mQ
)]
. (47)
Furthermore, under the diagonal transformation of the SU(Nc) with color charges commut-
ing with the particle energy, the fundamental particle propagator is transformed as follows
SQij(k0, ~k) = i δij
 Λ(+)Q (~k) γ0
k0 −
[
ǫQ(~k)−
(
µQ + i
θj
β
)] + Λ(−)Q (~k) γ0
k0 +
[
ǫQ(~k) +
(
µQ + i
θj
β
)]
 , (48)
where i and j are the fundamental indexes of the colored particles. In order to proceed to
the thermal field framework, we adopt the imaginary-time formalism. In the context of the
imaginary-time formalism, the Matsubara frequency for the fermion is introduced
ωn = (2n+ 1)π/β. (49)
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The momentum’s time-component is transformed to
k0 → i ωn + µQ + i 1
β
θ · t. (50)
It is more convenience to work in the mixed-time representation in the context of the
imaginary-time formalism. The quark propagator is reduced to
SQ(τ,~k) = 1
β
∑
n
e−iωnτ S0Q(iωn + µQ + i
1
β
θ · t, ~k),
= −
∮
dω
2iπ
e−ωτ
e−βω + 1
S0Q(ω + µQ + i
1
β
θ · t, ~k). (51)
The above equation is equivalent to the following form
SQ(τ,~k) = −
∮
dω
2iπ
eτ(µQ+i
1
β
θ·t) e−ωτ
eβ(µQ+i
1
β
θ·t) e−βω + 1
S0Q(ω,~k). (52)
The quark propagator is decomposed into the SU(Nc) fundamental color components as
follows
SQij(τ,~k) = −
∮
dω
2iπ
(
eτ(µQ+i
1
β
θi)e−ωτ
eβ(µQ+i
1
β
θi)e−βω + 1
S0Q(ω,~k)
)
δij,
with the constraint
Nc∑
i=1
θi = 0. (53)
The integral is evaluated using the method of the residues in the complex calculus. The two
poles are found at
k0 = k
(+)
0 =
(
ǫQ(~k)− µQ − i 1
β
θi
)
and k0 = k
(−)
0 = −
(
ǫQ(~k) + µQ + i
1
β
θi
)
. (54)
The quark propagator in the mixed-time representation is evaluated and projected into
positive and negative energy components as follows
iSQij(τ,~k) = δij
{
Λ
(+)
Q (
~k) γ0
[
1− nF
(
ǫQ(~k)− µQ − i 1
β
θi
)]
× exp
[
−
(
ǫQ(~k)− µQ − i 1
β
θi
)
τ
]
+Λ
(−)
Q (
~k) γ0
[
nF
(
ǫQ(~k) + µQ + i
1
β
θi
)]
× exp
[
+
(
ǫQ(~k) + µQ + i
1
β
θi
)
τ
]}
. (55)
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B. Thermal gluon propagator
The gluon propagator can be introduced in several ways depending on the type of the
gauge. The straightforward way is to write it as follows
Gµν(k0, ~k) = G(k0, ~k)ĝµν
(
k0, ~k
)
. (56)
The scalar propagator G(k0, ~k) reads
G(k0, ~k) = −1
k20 − ~k2 −m2G
,
=
−1
2ǫG(~k)
[
1
k0 − ǫG(~k)
− 1
k0 + ǫG(~k)
]
, (57)
where ǫG(~k) =
√
~k2 +m2G and mG = 0 for the gluon in the vacuum. The gluon propa-
gator numerator ĝµν
(
k0, ~k
)
is gauge dependent. It can be written in the covariant gauge
with a gauge-fixing (∂µAaµ)
2/2ξ as [−gµν + ξkµkν/k2]. In the Feynman gauge: we have
ĝµν
(
k0, ~k
)
= −gµν . Nonetheless, it has been shown the quark and gluon self-energies are
gauge independent. In the sake of the calculation simplicity, we shall the present calcu-
lations in the Feynman gauge. The same procedure is also valid for the covariant gauge.
Fortunately, the final results is independent on the gauge in the HTL approximation. The
gluons are adjoint particles of the SU(Nc) symmetry group. The adjoint representation for
the gluon is given by the following transformation
k0 → k0 + 1
β
θifiab,
→ k0 + i 1
β
(θ ·T)ab . (58)
In the imaginary-time formalism, the Matsubara frequency for gluon is introduced as follows
k0 → iωn + i 1
β
(θ ·T)ab , (59)
where ωn = 2nπβ is the even Matsubara frequency. Furthermore, in the context of the
mixed-time representation, the gluon propagator is transformed in the following way
Gµν(τ,~k) = 1
β
∑
n
e−iωnτGµν
(
iωn + i
1
β
θ ·T, ~k
)
,
=
1
(2πi)
∮
dω
e−ωτ
e−βω − 1Gµν
(
ω + i
1
β
θ ·T, ~k
)
,
=
1
(2πi)
∮
dω
e−(ω−i
1
β
θ·T)τ
e−β(ω−i
1
β
θ·T) − 1
Gµν
(
ω,~k
)
. (60)
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The adjoint representation in the theoretic SU(Nc) symmetry group can be transformed
into a diagonal matrix. The advantage of the diagonal adjoint representation is that it
commutes with the diagonal fundamental representation beside its commutation with the
adjoint particle’s energy state. Furthermore, it preserves the SU(Nc) fundamental color
charges θi with the unimodular constraint
∑Nc
i=1 θi = 0. To this end, we get the following
diagonal transformation
(θ ·T)ab → φa δab. (61)
For the definiteness, the adjoint representation can be diagonalized and written in terms of
the conserved fundamental color charges θi as follows
tr
[
eiθ·T
]
=
N2c−1∑
a=1
eiφ
a
,
=
Nc∑
ij
ei(θi−θj) − 1. (62)
The diagonal adjoint representation elements are good quantum numbers. The conserved
adjoint charges depend basically on the conserved fundamental charges {φa} = {(θi − θj)}
where i, j = 1, · · · , Nc are fundamental indexes while a = (ij)︸︷︷︸ = 1, · · · , (N2c − 1) is the
adjoint index. The gluon propagator in the mixed-time representation can be transformed
to a diagonal adjoint color matrix as follows
Gµνab(τ,~k) = 1
(2πi)
∮
dω
e−(ω−i
1
β
φa)τ
e−β(ω−i
1
β
φa) − 1
Gµν
(
ω,~k
)
δab. (63)
It is noted that the gluon propagator is gauge dependent and can be written as follows
Gµνab(τ,~k) = 1
(2πi)
∮
dω
e−(ω−i
1
β
φa)τ
e−β(ω−i
1
β
φa) − 1
G
(
ω,~k
)
ĝµν(ω,~k) δ
ab. (64)
In the Feynman gauge, it is reduced to
Gµνab(τ,~k) = Gab(τ,~k)gµν
=
1
(2πi)
∮
dω
e−(ω−i
1
β
φa)τ
e−β(ω−i
1
β
φa) − 1
G
(
ω,~k
)
δab gµν . (65)
Hence, the scalar part of the gluon propagator is given by
Gab(τ,~k) = 1
(2πi)
∮
dω
e−(ω−i
1
β
φa)τ
e−β(ω−i
1
β
φa) − 1
G
(
ω,~k
)
δab. (66)
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The gluon propagator in the mixed-time representation is evaluated trivially by using the
complex calculus of residues. The poles are found in the following locations
k0 = k
(+)
0 = ǫG(
~k)− i 1
β
φa, and k0 = k
(−)
0 = −
(
ǫG(~k) + i
1
β
φa
)
. (67)
After evaluating the integral, the scalar part of the gluon propagator becomes
Gab(τ,~k) = δab 1
2ǫG(~k)
[
1 +NG
(
ǫG(~k)− i 1
β
φa
)]
e−(ǫG(
~k)−i 1
β
φa)τ
+ δab
1
2ǫG(~k)
[
NG
(
ǫG(~k) + i
1
β
φa
)]
e+(ǫG(
~k)+i 1
β
φa)τ . (68)
It is interesting to note that it is possible to generalize the standard procedure used in the
Feynman gauge to other gauge whereas the gauge does not affect the propagator singularity.
The generalization of the gluon propagator is written as follows
Gµνa b(τ,~k) = δa b Gµνa(τ,~k),
Gµνa(τ,~k) = 1
2ǫG(~k)
[
1 +NG
(
ǫG(~k)− i 1
β
φa
)]
exp
[
−
(
ǫG(~k)− i 1
β
φa
)
τ
]
ĝµν
(
k
(+)
0
)
+
1
2ǫG(~k)
[
NG
(
ǫG(~k) + i
1
β
φa
)]
exp
[(
ǫG(~k) + i
1
β
φa
)
τ
]
ĝµν
(
k
(−)
0
)
. (69)
In the mixed-time representation of the imaginary-time formalism, it is useful to introduce
some notations and to write the following results[
k2G]ab (τ,~k) = ( 1
2πi
∮
dω
ei
τ
β
θ·Te−ωτ
eiθ·Te−βω − 1k
2G0ab(ω,~k)
)
,
= − δ(τ) δab, (70)
and [
k20G
]ab
(τ,~k) =
1
2πi
(∮
dω
ei
τ
β
θ·Te−ωτ
eiθ·Te−βω − 1ω
2G0ab(ω,~k)
)
,
=
ǫG(k)
2
[
1 +NG
(
ǫG(k)− i 1
β
φa
)]
exp
[
−
(
ǫG(k)− i 1
β
φa
)
τ
]
δab
+
ǫG(k)
2
[
NG
(
ǫG(k) + i
1
β
φa
)]
exp
[
+
(
ǫG(k) + i
1
β
φa
)
τ
]
δab, (71)
and finally,
[k0G]ab (τ,~k) =
(
1
2πi
∮
dω
ei
τ
β
θ·Te−ωτ
eiθ·Te−βω − 1ωG0
ab(ω,~k)
)
,
=
1
2
[
1 +NG
(
ǫG(k)− i 1
β
φa
)]
exp
[
−
(
ǫG(k)− i 1
β
φa
)
τ
]
δab
−1
2
[
NG
(
ǫG(k) + i
1
β
φa
)]
exp
[
+
(
ǫG(k) + i
1
β
φa
)
τ
]
δab. (72)
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IV. COLOR CONTRACTION
A. Quark self-energy
In the calculations of the quark-self energy and the quark plasma frequency (i.e. Landau
frequency), the color structure for the plasma Landau frequency is displayed as follows(
ω20Q
)
ij
= tain t
b
mj
(
ω20Q
)ab
nm
,
= tain t
b
mj δ
ab δnm
(
ω20Q
)a
n
,
= tain (t
b†)mj δ
ab δnm
(
ω20Q
)a
n
,
= tain t
b
mj
[(
ω20Q(Q)
)
n
+
(
ω20Q(G)
)a]
δab δnm. (73)
The contraction of the fundamental indexes reduces the quark plasma frequency to(
ω20Q
)ab
nm
=
(
ω20Q
)a
n
δab δnm, (74)
where (
ω20Q
)a
n
=
[(
ω20Q(G)
)a
+
(
ω20Q(Q)
)
n
]
. (75)
The fundamental generators are defined in the following way
ta =
1√
2
τa,
=
1√
2
τ
(AB)︸ ︷︷ ︸, where a ≡ (AB)︸ ︷︷ ︸, (76)
where the matrix elements are expressed as follows
t
(AB)︸ ︷︷ ︸
ij =
1√
2
[
δAi δBj − 1
Nc
δAB δij
]
. (77)
The Hermitian fundamental matrices are represented by
(t
(AB)︸ ︷︷ ︸†)ij = t(BA)︸ ︷︷ ︸ij ,
=
1√
2
[
δBi δAj − 1
Nc
δAB δij
]
. (78)
The color contraction of the quark segment of the quark self-energy is reduced to
tain t
b
mj
(
ω20Q(Q)
)
n
δnm δ
ab ≡ 1
2
τain (τ
a†)nj
(
ω20Q(Q)
)
n
,
=
1
2
τ
(AB)︸ ︷︷ ︸
in τ
(BA)︸ ︷︷ ︸
nj
(
ω20Q(Q)
)
n
. (79)
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It becomes
tain t
b
mj
(
ω20Q(Q)
)
n
δnm δ
ab =
N2c − 1
2Nc
δij
(
ω∗ 20Q(Q)
)
i
, (80)
where
(
ω∗ 20Q(Q)
)
i
=
1
N2c − 1
[
Nc
Nc∑
n=1
(
ω20Q(Q)
)
n
− (ω20Q(Q))i
]
,
=
Nc
N2c − 1
[
Nc∑
n=1
(
1− δin
Nc
) (
ω20Q(Q)
)
n
]
,
=
Nc
N2c − 1
Nc∑
n=1
Nc∑
m=1
[(
1− δnm
Nc
)
δmi
(
ω20Q(Q)
)
n
]
. (81)
Furthermore, the color contraction of the gluon segment of the quark self-energy is reduced
to
tain t
b
mj
(
ω20Q(G)
)a
δnm δ
ab ≡ 1
2
τain
(
τa†
)
nj
(
ω20Q(G)
)a
,
≡ 1
2
τ
(AB)︸ ︷︷ ︸
in τ
(BA)︸ ︷︷ ︸
nj
(
ω20Q(G)
)(AB)︸ ︷︷ ︸,
=
1
2Nc
δij
[
Nc
Nc∑
n=1
(
ω20Q(G)
)(in)︸︷︷︸ − (ω20Q(G)) (ii)︸︷︷︸
]
. (82)
It is reduced to
tain t
b
mj
(
ω20Q(G)
)a
δnm δ
ab =
N2c − 1
2Nc
δij
(
ω∗ 20Q(G)
)
i
, (83)
where
(
ω∗ 20Q(G)
)
i
=
1
N2c − 1
[
Nc
Nc∑
n=1
(
ω20Q(G)
)(in)︸︷︷︸ − (ω20Q(G)) (ii)︸︷︷︸
]
,
=
Nc
N2c − 1
Nc∑
n=1
Nc∑
m=1
[(
1− δnm
Nc
)
δmi
(
ω20Q(G)
)(mn)︸ ︷︷ ︸] . (84)
The adjoint color indexes are represented in terms of the fundamental color indexes as follows
a→ (AB)︸ ︷︷ ︸→ (ij)︸︷︷︸ . (85)
The quark Landau frequency is coupled with two fundamental generators as follows,
tain t
a
nj
(
ω20Q
)a
n
= tain t
a
nj
[(
ω20Q(Q)
)
n
+
(
ω20Q(G)
)a]
,
=
N2c − 1
2Nc
δij
(
ω∗20Q
)
i
, (86)
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where (
ω∗20Q
)
i
=
[(
ω∗20Q(Q)
)
i
+
(
ω∗20Q(G)
)
i
]
,
=
Nc
N2c − 1
Nc∑
n=1
Nc∑
m=1
(
1− δnm
Nc
)
δmi
[(
ω20Q(Q)
)
n
+
(
ω20Q(G)
)(mn)︸ ︷︷ ︸] . (87)
In the case that the quark Landau frequency is decoupled from the color degree of freedom,
the plasma frequency components for the quark and gluon segments (i.e. lines) of the quark
self-energy are reduced to (
ω20Q(Q)
)
n
→ ω20Q(Q),(
ω20Q(G)
)(mn)︸ ︷︷ ︸ → ω20Q(G), (88)
respectively. Hence, the quark Landau frequency is reduced to(
ω∗ 20Q
)
i
= ω20Q(Q) + ω
2
0Q(G). (89)
The coupling of the internal Landau frequency, namely,
(
ω20Q
)a
n
with the fundamental gen-
erators contracts the color indexes in the following way
tain t
a
nj
(
ω20Q
)a
n
=
N2c − 1
2Nc
δij
[
ω20Q(Q) + ω
2
0Q(G)
]
. (90)
B. Gluon Polarization tensor
1. Gluon Polarization tensor: the color indexes for gluon and ghost loops and tadpole
The multiplication of two adjoint matrices appears in the Feynman diagrams for the
gluon self-energy. It is given by
(Ta
′
)c′b′(T
a)bc ≡ (Ta′)c′b′(Ta†)bc. (91)
The adjoint matrix can be represented in terms of the fundamental representations as follows,
(Ta)bc = −ifabc,
= −2tr ([ta, tb] tc) . (92)
The adjoint conjugate matrix becomes(
Ta†
)
bc
= −2tr ([ta†, tb†]tc†) . (93)
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The multiplication of two adjoint matrices is written in terms of fundamental matrices as
follows,
(Ta
′
)c′b′(T
a†)bc = 4tr
(
[ta
′
, tc
′
]tb
′
)
× tr ([ta†, tb†]tc†) ,
= −4tr
(
[ta
′
, tb
′
]tc
′
)
× tr ([ta†, tb†]tc†) ,
= −4tr
(
[ta
′
, tc
′
]tb
′
)
× tr ([ta†, tc†]tb†) . (94)
The δc
′ c index contraction is performed in the following way,
(Ta
′
)c′b′ (T
a†)bc δ
c′c = −2[ta′ , tb′]in [ta†, tb†]jm τ
(AB)︸ ︷︷ ︸
ni τ
(BA)︸ ︷︷ ︸
mj ,
= −2
(
[ta
′
, tb
′
]ij [t
a†, tb†]ji − 1
Nc
[ta
′
, tb
′
]ii [t
a†, tb†]jj
)
,
= −2
(
[ta
′
, tb
′
]ij [t
a†, tb†]ji
)
. (95)
In a similar manner, the contraction over δb
′ b leads to the following result
(Ta
′
)c′b′ (T
a†)bc δ
b′b = −2
(
[ta
′
, tc
′
]ij [t
a†, tc†]ji
)
. (96)
Therefore, the contraction over either δb
′ b
(
m2D (G)
)b
for Eq. (95) or δc
′ c
(
m2D (G)
)c
for
Eq. (96) leads, respectively, to
(Ta
′
)c′b′ (T
a†)bc δ
c′c δb
′b
(
m2D (G)
)b
= −2
(
[ta
′
, tb]ij [t
a†, tb†]ji
) (
m2D (G)
)b
, (97)
or
(Ta
′
)c′b′ (T
a†)bc δ
b′b δc
′c
(
m2D (G)
)c
= −2
(
[ta
′
, tc]ij [t
a†, tc†]ji
) (
m2D (G)
)c
. (98)
The results of Eqns. (97) and (98) leads to the folowing symmetry relation
(Ta
′
)c′b′ (T
a†)bc δ
c′c δb
′b
(
m2D (G)
)b
= (Ta
′
)c′b′ (T
a†)bc δ
b′b δc
′c
(
m2D (G)
)c
,
= (Ta
′
)cb (T
a†)bc
(
m2D (G)
)b
,
= (Ta
′
)cb (T
a†)bc
(
m2D (G)
)c
,
(sum over the repeated adjoint color indexes),(99)
when the summation over the internal adjoint color indexes b and c is taken for the Debye
mass that is weighted by the Casimir-like operator, namely, (Ta
′
)cb (T
a†)bc. Moreover, the
22
term
(
∆m2D (G)
)b
which generates the quadratic temperature has the following symmetry
relations with respect to the interchange of adjoint color indexes b and c:
(Ta
′
)cb (T
a†)bc
(
∆m2D (G)
)b
= (Ta
′
)cb (T
a†)bc
(
∆m2D (G)
)c
,
(sum over the repeated adjoint color indexes). (100)
Evidently, the symmetry in Eq. (100) eliminates the quadratic temperature terms from gluon
polarization tensor with the external line legs those are labeled by the external adjoint color
indexes, namely, a′ a. These quadratic temperature terms usually appear in the internal loop
segments which are associated with the three gluon vertexes and they are usually labelled
by the internal adjoint color indexes.
The adjoint color index c is replaced with the fundamental-like A and B indexes using
the following relation,
c ≡ (AB)︸ ︷︷ ︸ or (ij)︸︷︷︸ or (nm)︸ ︷︷ ︸ . (101)
The δc
′c and δb
′b contractions with the coefficient
(
m2D (G)
)b
reduce the multiplication of the
two adjoint matrices to
(Ta
′
)c′b′ (T
a†)bc δ
c′c δb
′b
(
m2D (G)
)b
= −2
(
ta
′
in t
b
nj t
a†
jm t
b†
mi − ta
′
in t
b
nj t
b†
jm t
a†
mi
− tbin ta
′
nj t
a†
jm t
b†
mi + t
b
in t
a′
nj t
b†
jm t
a†
mi
) (
m2D (G)
)b
,
= 4
(
ta
′
in t
b
nj t
b†
jm t
a†
mi − ta
′
in t
b
nj t
a†
jm t
b†
mi
) (
m2D (G)
)b
.(102)
It is useful to derive the contraction relation over the adjoint index b for the following
fundamental matrices operation
tbnj t
b†
jm
(
m2D (G)
)b
=
1
2
τ
(AB)︸ ︷︷ ︸
nj τ
(BA)︸ ︷︷ ︸
jm
(
m2D (G)
)(AB)︸ ︷︷ ︸ ,
=
1
2
[
δnm
Nc∑
l=1
(
m2D (G)
)(nl)︸︷︷︸ − 1
Nc
δnm
(
m2D (G)
)(00)︸︷︷︸] . (103)
Furthermore, we have the following contraction relation,
tbnj t
b†
mi
(
m2D (G)
)b
=
1
2
τ
(AB)︸ ︷︷ ︸
nj τ
(BA)︸ ︷︷ ︸
mi
(
m2D (G)
)(AB)︸ ︷︷ ︸ , (where b ≡ (AB)︸ ︷︷ ︸
)
,
=
1
2
[
δin δjm
(
m2D (G)
) (ij)︸︷︷︸ − 1
Nc
δmi δnj
(
m2D (G)
)(00)︸︷︷︸] . (104)
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Using Eq. (103), the first term in Eq. (102) is reduced to
ta
′
in t
a†
mi t
b
nj t
b†
jm
(
m2D (G)
)b
=
1
2
[
ta
′
in t
a†
ni
Nc∑
l=1
(
m2D (G)
)(nl)︸︷︷︸ − 1
Nc
ta
′
in t
a†
ni
(
m2D (G)
)(00)︸︷︷︸] .(105)
While using Eq. (104) reduces the second term in Eq. (102) to
ta
′
in t
a†
jm t
b
nj t
b†
mi
(
m2D (G)
)b
=
1
2
[
ta
′
ii t
a†
jj
(
m2D (G)
) (ij)︸︷︷︸ − 1
Nc
ta
′
ij t
a†
ji
(
m2D (G)
)(00)︸︷︷︸] . (106)
Furthermore, the contraction relations of the fundamental matrices which are given by
Eqns. (105) and (106) reduce Eq. (102) to
(Ta
′
)cb (T
a)†bc
(
m2D (G)
)b
= 2
(
ta
′
ij t
a†
ji
Nc∑
l=1
(
m2D (G)
) (jl)︸︷︷︸ − ta′ii ta†jj (m2D (G)) (ij)︸︷︷︸
)
. (107)
The first term on the right hand side of Eq. (107) is reduced to
2 ta
′
in t
a†
ni
Nc∑
l=1
(
m2D (G)
)(nl)︸︷︷︸ = 2 t(A′B′)︸ ︷︷ ︸in t(BA)︸ ︷︷ ︸ni Nc∑
l=1
(
m2D (G)
)(nl)︸︷︷︸ ,
= δA′AδB′B
Nc∑
l=1
(
m2D (G)
)(Bl)︸︷︷︸
− 1
Nc
δA′B′δAB
[
Nc∑
l=1
(
m2D (G)
)(B′l)︸ ︷︷ ︸ + Nc∑
l=1
(
m2D (G)
)(Bl)︸︷︷︸
− 1
Nc
Nc∑
k=1
Nc∑
l=1
(
m2D (G)
)(kl)︸︷︷︸] . (108)
The second term in Eq. (107) reads
2 ta
′
ii t
a†
jj
(
m2D (G)
) (ij)︸︷︷︸ = 2 Nc∑
ij
t
(A′B′)︸ ︷︷ ︸
ii t
(BA)︸ ︷︷ ︸
jj
(
m2D (G)
) (ij)︸︷︷︸ ,
= δA′B′δAB
(
m2D (G)
)(A′A)︸ ︷︷ ︸
− 1
Nc
δA′B′δAB
[
Nc∑
l=1
(
m2D (G)
)(A′l)︸︷︷︸ + Nc∑
l=1
(
m2D (G)
)(lA)︸︷︷︸
− 1
Nc
Nc∑
k=1
Nc∑
l=1
(
m2D (G)
)(kl)︸︷︷︸] . (109)
By considering the results of Eq. (108) and (109), Eq. (107) becomes
(Ta
′
)c b (T
a)†b c
(
m2D (G)
)b
= δA′AδB′B
Nc∑
l=1
(
m2D (G)
)(Bl)︸︷︷︸ − δA′B′δAB (m2D (G))(B′B)︸ ︷︷ ︸
− 1
Nc
δA′B′δAB
[
Nc∑
l=1
((
m2D (G)
)(Bl)︸︷︷︸ − (m2D (G))(lB)︸︷︷︸
)]
. (110)
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The term
(
m2D (G)
) (ij)︸︷︷︸ is symmetric over the fundamental-like indexes i and j. Further-
more, the second term on the right hand side of Eq. (110) can be averaged as follows
(
m2D (G)
)(B′B)︸ ︷︷ ︸ δA′B′δAB ≡ 1
Nc
Nc∑
l=1
(
m2D (G)
)(Bl)︸︷︷︸ δA′B′δAB. (111)
Therefore, Eq. (110) is reduced to
(Ta
′
)c b (T
a)†b c
(
m2D (G)
)b
=
(
δA′AδB′B − 1
Nc
δA′B′δAB
) Nc∑
l=1
(
m2D (G)
)(Bl)︸︷︷︸ ,
= Nc δ
a′a
(
m2D (G)
)a
, (112)
where
(
m2D (G)
)a ≡ 1
Nc
Nc∑
l=1
(
m2D (G)
)(Bl)︸︷︷︸ , (note that a ≡ (AB)︸ ︷︷ ︸). (113)
Eq. (113) is re-written as follows
(
m2D (G)
)a
=
1
Nc
[√
2
Nc∑
ij
Nc∑
n
(ta)in
(
m2D (G)
)(nj)︸︷︷︸ + 1
Nc
δAB
Nc∑
ij
(
m2D (G)
) (ij)︸︷︷︸] . (114)
The last term with the Kronecker delta δAB corresponds the diagonal fundamental generators
with the fundamental index i = 1, · · · , Nc − 1 which commute with the entire fundamental
generator set [ti, t
a] = 0 where the adjoint index a = 1, · · · , N2c − 1 and they commute with
the energy eigenstates as well. Furthermore, the Kronecker delta δAB can be replaced by
δai. Hence, the above equation becomes
(
m2D (G)
)a ≡ 1
Nc
[√
2
Nc∑
ij
Nc∑
n
(ta)in
(
m2D (G)
)(nj)︸︷︷︸ + 1
Nc
δai
Nc∑
ij
(
m2D (G)
) (ij)︸︷︷︸] , (115)
where i is the fundamental index that represents the diagonal fundamental generators where
its off-diagonal elements are identical to zero.
2. Gluon Polarization tensor: quark-loop color indexes
The multiplication of the two fundamental color matrices which appears in the quark
loop is usually given by
ta
′
i′j′ t
a†
ji δj′j δi′i
(
m2D (Q)
)
i
= ta
′
ij (t
a†)ji
(
m2D (Q)
)
i
. (116)
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It can be written as follows
ta
′
ij (t
a†)ji
(
m2D (Q)
)
i
= t
(A′B′)︸ ︷︷ ︸
ij t
(BA)︸ ︷︷ ︸
ji
(
m2D (Q)
)
i
,
=
1
2
(
δA′A δB′B − 1
Nc
δA′B′ δAB
) (
m2D (Q)
)
A
,
=
1
2
δa
′a
(
m2D (Q)
)
A
,
=
1
2
δa
′a
(
m2D (Q)
)a
. (117)
where (
m2D (Q)
)a
=
(
m2D (Q)
)
A
, (note that a ≡ (AB)︸ ︷︷ ︸ . (118)
The quark-loop part of the Debye mass with an external adjoint color index a is written as
follows (
m2D (Q)
)a
=
[√
2
Nc∑
ij
(ta)ij
(
m2D (Q)
)
i
+
1
Nc
δAB
(
m2D (Q)
)
i
]
. (119)
The second term comes from the diagonal elements of the representation that represents the
Nc − 1 fundamental generators which commute with the energy states. The fundamental
generators are given by ti where [ti, t
a] = 0. The Kronecker delta δAB is replaced by δai
where a = 1, · · · , N2c − 1 is the adjoint color index for the entire set of generators while
i = 1, · · · , Nc − 1 is the fundamental color index for fundamental generators which their
off-diagonal elements are identical to zero. They commute with energy eigenstates as well
as the rest of fundamental color generators. Hence, Eq. (119) becomes
(
m2D (Q)
)a
=
[√
2
Nc∑
ij
(ta)ij
(
m2D (Q)
)
i
+
1
Nc
δai
(
m2D (Q)
)
i
]
. (120)
It is worth to remind the reader to the following dual,
tai′ j′ t
b
j i → tai′ j′ (tb†)j i, (121)
3. Gluon self-energy: quark, gluon, ghost loops and tadpole
The colored gluon Debye mass is given by adding the contributions of quark loop, gluon
loop, ghost loop and tadpole Feynman diagrams. The colored Debye mass is reduced to
δa
′a
(
m2D
)a
=
[
(Ta
′
)cb (T
a)†bc
(
m2D (G)
)b
+ ta
′
ij (t
a†)ji
(
m2D (Q)
)
i
]
, (122)
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where
(
m2D
)a
= Nc
(
m2D (G)
)a
+
1
2
(
m2D (Q)
)a
. (123)
V. QUARK SELF-ENERGY
Fig. (1) depicts the Feynman diagrams for the quark self-energy. The fundamental indexes
for the quark segment and adjoint indexes for the gluon segment in the quark-gluon loop
are shown explicitly. The quark self-energy is calculated as follows,
ΣQ ij(p) = ΣQ ij(p0, ~p),
=
∫
dk0
(2π)
∫
d3~k
(2π)3
ΣQ ij(p, k),
=
∫
dk0
(2π)
∫
d3~k
(2π)3
ΣQ ij
(
p0, ~p, k0, ~k
)
, (124)
where p and k are the external and internal momentum, respectively. The fundamental
indexes i j refer to the quark line (i.e. two external legs). The conservation of color charges
leads to color contraction δij for the quark line and make the quark line to have a conserved
color charge with fundamental index i. The quark self-energy kernel part for the quark-gluon
loop is furnished as follows,
ΣQij(p, k) = [−g γµ(ta)in] iSQnm
(
p0 − k0, ~p− ~k
) [−g γν(tb)mj]
×Gµνab
(
−k0,−~k
)
,
= (ta)in
(
tb
)
mj
ΣQ
ab
nm
(
p0, ~p, k0, ~k
)
,
= (ta)in
(
tb
)
mj
ΣQ
ab
nm(p, k), (125)
where p and k are the external and internal momenta, respectively. The internal quark-gluon
loop kernel, where the quark segment carries the fundamental color indexes n and m and
the gluon segment carries the adjoint color indexes a and b, is given by
ΣQ
ab
nm(p0, ~p, k0,
~k) = g2
[
γµ iSQnm
(
p0 − k0, ~p− ~k
)
γν Gµνab
(
−k0,−~k
)]
. (126)
It is naturally to anticipate that the conservation of color charge contracts the gluon seg-
ment to δab while the quark segment to δnm and subsequently the internal quark and gluon
segments have the fundamental color index n and the adjoint color index a, respectively.
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The quark self-energy can be projected with respect to the quark-quark-gluon vertexes (ta)in
and (tb)mj as follows
ΣQ ij(p0, ~p) = (t
a)in
(
tb
)
mj
ΣQ
ab
nm(p0, ~p), (127)
where the integration over the internal momentum k (i.e. k0 and ~k) is given by
ΣQ
ab
nm(p0, ~p) =
∫
d4k
(2π)4
ΣQ
ab
nm(p0, ~p, k0,
~k). (128)
The quark self-energy kernel which is given by Eq. (126) is written in the mixed-time rep-
resentation of the imaginary-time formalism as follows,
ΣQ
ab
nm(p0, ~p, k0,
~k) =
∫ β
0
dτ
∫ β
0
dτ ′ exp
([
(p0 − k0)− µQ − i 1
β
θn
]
τ ′
)
exp
([
k0 − i 1
β
φa
]
τ
)
× Σ˜Q
ab
nm(τ, τ
′, ~p,~k). (129)
It is re-written as follows
ΣQ ij(p0, ~p, k0,
~k) = (ta)in
(
tb
)
mj
∫ β
0
dτ
∫ β
0
dτ ′ exp
([
k0 − i 1
β
φa
]
[τ − τ ′]
)
× exp
([
p0 − µQ − i 1
β
θn − i 1
β
φa
]
τ ′
)
Σ˜Q
ab
nm(τ, τ
′, ~p,~k). (130)
The last term under the integral in Eqns. (129) and (130) is given by
Σ˜Q
ab
nm(τ, τ
′, ~p,~k) = g2 γµ iSQnm
(
τ ′, ~p− ~k
)
γν Gµνab
(
τ,~k
)
. (131)
After evaluating the integral over the internal time-momentum k0, Eq. (130) is reduced to
ΣQ ij(p0, ~p,
~k) =
∫
dk0
(2π)
ΣQ ij(p0, ~p, k0,
~k),
= (ta)in
(
tb
)
mj
∫ β
0
dτ exp
([
p0 − µQ − i 1
β
θn − i 1
β
φa
]
τ
)
×Σ˜Q
ab
nm(τ, τ, ~p,
~k). (132)
In order to evaluate Eq. (131), the quark and gluon propagators are decomposed to the en-
ergy plane components. The quark propagator part that is sandwiched by gamma matrices,
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namely, γµ ⊗ γν in Eq. (131) is decomposed in the following way,
SµνQ nm (τ, ~q) = γ
µ iSQnm(τ, ~q) γν ,
=
[
1 − nF
(
ǫQ(~q)− µQ − 1
β
iθn
)]
exp
(
−
(
ǫQ(~q)− µQ − 1
β
iθn
)
τ
)
×
[
γµ Λ
(+)
Q (~q) γ0 γ
ν
]
δnm
+
[
nF
(
ǫQ(~q) + µQ +
1
β
iθn
)]
exp
((
ǫQ(~q) + µQ +
1
β
iθn
)
τ
)
×
[
γµ Λ
(−)
Q (~q) γ0 γ
ν
]
δnm, (133)
where nF (x) =
1
ex+1
is the Fermi-Dirac partition function, ~q = ~p−~k and ǫQ =
√
~p2 +m2Q ≈
|~p|. The Foldy-Wouthuysen positive and negative energy projectors read
Λ
(±)
Q (~q) =
1
2ǫQ(~q)
[ǫQ(~q)± γ0 (~γ · ~q +mQ)] . (134)
In the case that color degree of freedom is decoupled, the quark screening mass (i.e. the
plasma Landau frequency) is shown to be gauge independent in the HTL approximation.
The result is also gauge independent in the HTL approximation for the case that the color
degree of freedom is not decoupled. Hence, it is sufficient to work in the Feynman gauge
to derive the gauge independent result. The gluon propagator for the gluon segment in
Eq. (131) is given by
Gµνab(τ,~k) = gµν Ga
(
τ,~k
)
δab. (135)
The color contracted gluon propagator with an adjoint index a is reduced to
Ga
(
τ,~k
)
=
1
2ǫG(~k)
[
1 +NG
(
ǫG(~k)− i 1
β
φa
)]
exp
[
−
(
ǫG(~k)− i 1
β
φa
)
τ
]
+
1
2ǫG(~k)
[
NG
(
ǫG(~k) + i
1
β
φa
)]
exp
[
+
(
ǫG(~k) + i
1
β
φa
)
τ
]
, (136)
where NG(x) =
1
ex−1
is Bose-Einstein partition function and ǫG(~k) =
√
~k2 = |~k|. The quark
self-energy is calculated by integrating out the internal momentum as follows
ΣQ ij(p0, ~p) = (t
a)in
(
tb
)
mj
ΣQ
ab
nm(p0, ~p), (137)
where
ΣQ
ab
nm(p0, ~p) =
∫
d3~k
(2π)3
∫ β
0
dτ exp
[(
p0 − µQ − i 1
β
θn − i 1
β
φa
)
τ
]
× Σ˜Q
ab
nm(τ, τ, ~p,
~k). (138)
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The term ΣQ
ab
nm(p0, ~p) that is appeared in Eq. (138) can be projected using the Foldy-
Wouthuysen transformation to positive and negative energy components. It is reduced to
the following superposition function,
ΣQ
ab
nm (p0, ~p) =
±∑
r=±
±∑
s=±
Σ
(rs)
Q
ab
nm
(p0, ~p),
=
±∑
r=±
±∑
s=±
Σ
(rs)
Q
a
n
(p0, ~p) δnm δ
ab. (139)
It is evident that Eq. (139) is diagonalized with respect to the adjoint and fundamental color
indexes alike. This result is a natural one since the fundamental color index n represents
the internal quark segment with the fundamental color charge conservation δnm while the
adjoint color index a represents the internal gluon segment with the adjoint color charge
conservation δa b. The Foldy-Wouthuysen energy components of Eq. (139) is calculated as
follows
Σ
(rs)
Q
a
n
(p0, ~p) = g
2
(∫
d3~k
(2π)3
gµν S
(r)
Q
µν
(~p− ~k)D(rs)Q
a
n
(p,~k)
)
, (140)
where r = ±, s = ± are the positive and negative energy components. The sandwiched
Foldy-Wouthuysen projectors by the gamma matrices γµ ⊗ γν are given by,
S
(r)
Q
µν
(~p− ~k) =
[
γµ Λ
(r)
Q (~p− ~k)γ0 γν
]
. (141)
The explicit expressions for D
(rs)
Q
a
n
(p,~k) are reduced to
(
D
(++)
Q
a
n
(p,~k)
)
= −
[
1− nF
(
ǫQ(~p− ~k)− µQ − i 1βθn
)
+NG
(
ǫG(~k)− i 1βφa
)]
2ǫG(~k)
[
p0 −
(
ǫG(~k) + ǫQ(~p− ~k)
)] , (142)
(
D
(+−)
Q
a
n
(p,~k)
)
= −
[
nF
(
ǫQ(~p− ~k)− µQ − i 1βθn
)
+NG
(
ǫG(~k) + i
1
β
φa
)]
2ǫG(~k)
[
p0 +
(
ǫG(~k)− ǫQ(~p− ~k)
)] , (143)
(
D
(−+)
Q
a
n
(p,~k)
)
= −
[
nF
(
ǫQ(~p− ~k) + µQ + i 1βθn
)
+NG
(
ǫG(~k)− i 1βφa
)]
2ǫG(~k)
[
p0 −
(
ǫG(~k)− ǫQ(~p− ~k)
)] , (144)
and (
D
(−−)
Q
a
n
(p,~k)
)
= −
[
1− nF
(
ǫQ(~p− ~k) + µQ + i 1βθn
)
+NG
(
ǫG(~k) + i
1
β
φa
)]
2ǫG(~k)
[
p0 +
(
ǫG(~k) + ǫQ(~p− ~k)
)] , (145)
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for the positive-positive, positive-negative, negative-positive and negative-negative energy
components, respectively. In the derivation of Eq. (138), we have considered the following
relations for the Matsubara frequency for the momentum time-component in the imaginary-
time formalism,
p0 − µQ − i 1β θn − i 1βφa = i (2m+1)πβ ,
exp
(
p0 − µQ − i 1βθn − i 1βφa
)
= −1,
(146)
where the Fermion Matsubara frequency is given by ω = (2m + 1)π/β and m = 1, 2, · · · .
The HTL are one-loop diagrams for which only the contribution from hard loop momenta
of the order T or larger is considered. In this approximation, the external momentum is soft
p ∼ g T , while the internal momentum is hard k ∼ T . Hence, the internal momentum k
is assumed relatively large in comparison with the external one (i.e. p/k ∼ g). In order to
simplify the calculations, it is useful to adopt the following approximations
gµν S
(±)µν
Q (~p− ~k) = gµν
[
γµ Λ
(±)
Q (~p− ~k)γ0γν
]
,
≈ −
[
γ0 ± ~γ · kˆ
]
. (147)
It is also useful to introduce the following approximation for the composites with the hard
internal momentum k ∼ T and the soft external momentum p ∼ g T ,
ǫG(~k) + ǫQ(~p− ~k) ≈ 2 |~k| ∼ 2 T, (148)
and
ǫG(~k)− ǫQ(~p− ~k) ≈ kˆ · ~p = |~p| cos θ,
∼ gT cos θ. (149)
Therefore, under the assumption of the HTL approximation, the positive-positive energy
component of the quark-gluon loop part of the quark self-energy is reduced to
Σ
(++)
Q
a
n
(p0, ~p) = g
2
∫
d3~k
(2π)3
1
2ǫG(~k)
(
γ0 + ~γ · kˆ
)
(
p0 − ǫQ(~p− ~k)− ǫG(~p)
)
×
[
−nF
(
ǫQ(~p− ~k)− µQ − i 1
β
θn
)
+NG
(
ǫG(~k)− i 1
β
φa
)]
,
≈ g2
∫
d3~k
(2π)3
1
4|~k|2
(
γ0 − ~γ · kˆ
)
×
[
nF
(
ǫQ(~k)− µQ − i 1
β
θn
)
−NG
(
ǫG(~k)− i 1
β
φa
)]
. (150)
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The sum of the positive-positive and negative-negative energy components is approximated
to [
Σ
(++)
Q
a
n
(p0, ~p) + Σ
(−−)
Q
a
n
(p0, ~p)
]
≈ 0. (151)
The results for the positive-negative and negative-positive energy components are finite in
the HTL approximation. The positive-negative energy component reads
Σ
(+−)
Q
a
n
(p0, ~p) = g
2
∫
d3~k
(2π)3
1
2ǫG(~k)
(
γ0 + ~γ · kˆ
)
(
p0 − ǫQ(~p− ~k) + ǫG(~p)
)
×
[
nF
(
ǫQ(~p− ~k)− µQ − i 1
β
θn
)
+NG
(
ǫG(~k) + i
1
β
φa
)]
. (152)
The (+−)-component with the assumptions of the soft external momentum p and the hard
internal momentum k is simplified to
ΣQ
a
n
(+−) (p0, ~p) ≈ g2
∫
d3~k
(2π)3
1
2|~k|
[
γ0 − ~γ · kˆ
p0 − kˆ · ~p
]
×
[
nF
(
ǫQ(~k)− µQ − i 1
β
θn
)
+NG
(
ǫG(~k) + i
1
β
φa
)]
. (153)
Furthermore, the symmetry over the polar integration for the negative-positive and positive-
negative energy components leads to∫
dΩ
4π
[
γ0 + ~γ · kˆ
p0 + ~p · kˆ
]
=
∫
dΩ
4π
[
γ0 − ~γ · kˆ
p0 − ~p · kˆ
]
. (154)
The sum of the positive-negative and negative-positive energy components is found finite
while the sum of positive-positive and negative-negative components is approximated to
zero. Therefore, the quark self-energy component, namely, ΣQ
a
n (p0, ~p) is reduced to
ΣQ
a
n (p0, ~p) = Σ
(+−)
Q
a
n
(p0, ~p) + Σ
(−+)
Q
a
n
(p0, ~p) ,
=
(
ω20Q
)a
n
∫
dΩ
4π
[
γ0 − ~γ · kˆ
p0 − kˆ · ~p
]
. (155)
The quark plasma frequency that is labeled by the internal quark and gluon color indexes
namely n and a, respectively, is defined by
(
ω20Q
)a
n
=
[(
ω20Q(Q)
)
n
+
(
ω20Q(G)
)a]
. (156)
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The contributions of quark and gluon segments of the quark-gluon loop to the fermion
Landau frequency are given by,
(
ω20Q(Q)
)
n
=
1
2
g2
∫
d|~k||~k|
2π2
[
nF
(
ǫQ(~k)− µQ − i 1
β
θn
)
+ nF
(
ǫQ(~k) + µQ + i
1
β
θn
)]
,
=
g2
4π2
[
π2
6 β2
+
1
2
(
µQ + i
1
β
θn
)2]
, (157)
and
(
ω20Q(G)
)a
=
1
2
g2
∫
d|~k||~k|
2π2
[
NG
(
ǫG(~k)− i 1
β
φa
)
+NG
(
ǫG(~k) + i
1
β
φa
)]
,
=
g2
4π2
[
π2
3 β2
− 1
2
(
i
1
β
φa
)2
+ i
π
β
(
i
1
β
φa
)]
,
=
g2
4π2 β2
[
1
2
(φa)2 − π (φa) + π
2
3
]
, (158)
respectively. In the case of real color chemical potentials, the fundamental and adjoint
color chemical potentials are reduced to i 1
β
θn → µCn and i 1βφa ≡ i 1βφ
(AB)︸ ︷︷ ︸ → µCa ≡
(µCA − µCB), respectively. Hence, the quark and gluon contributions to the Landau fermion
frequency which are given by Eqns. (157) and (158), are reduced to
(
ω20Q(Q)
)
n
=
g2
4π2
[
π2
6 β2
+
1
2
(µQ + µCn)
2
]
, (159)
and
(
ω20Q(G)
)a
=
g2
4π2
[
π2
3 β2
− 1
2
(µC
a)2 + i
π
β
(µC
a)
]
≡ g
2
4π2
[
π2
3 β2
− 1
2
(µCA − µCB)2 + i
π
β
(µCA − µCB)
]
, (160)
respectively. Finally, it is worth to mention that it is possible to transform the real flavor
chemical potential µQ to an imaginary chemical potential µQ → i 1β θflQ. In this case,
Eq. (157) is reduced to
(
ω20Q(Q)
)
n
=
g2
4π2
[
π2
6 β2
− 1
2
1
β2
(
θflQ + θn
)2]
. (161)
Hereinafter, the real chemical potentials for the flavor and color degrees of freedom will be
considered in the discussion of the physical aspects of the weakly interacting quark-gluon
plasma above the critical point of deconfinement phase transition. The quark self-energy
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with the external quark line indexes i and j is written as follows
ΣQ ij(p0, ~p) = (t
a)in
(
tb
)
mj
ΣQ
ab
nm (p0, ~p) ,
=
(
ω20Q
)
ij
[∫
dΩ
4π
γ0 − ~γ · kˆ
p0 − kˆ · ~p
]
. (162)
The quark plasma frequency that is labeled by the external quark line (i.e. the external two
legs of the internal quark-gluon loop) color indexes i and j is given by
(
ω20Q
)
ij
= (ta)in
(
tb
)
mj
δnmδab
(
ω20Q
)a
n
,
= (ta)in
(
tb
)
mj
δnmδab
[(
ω20Q
)
n
+
(
ω20Q
)a]
, (163)
where the elements (ta)in and
(
tb
)
mj
are the vertexes which connect the external quark
line with the internal quark and gluon loop segments. The conservation of quark (line)
color charge contracts the external color indexes i and j for the quark plasma frequency to
δij
(
ω20Q
)
i
. The adjoint color index a is set to a = (AB)︸ ︷︷ ︸ where a = 1 . . .N2c − 1 while the
fundamental-like indexes A and B run over 1 · · ·Nc. For example, the adjoint color index
set a = (1, 2, 3, 4, 5, 6, 7, 8) corresponds to a =
(
(11)︸︷︷︸, (12)︸︷︷︸, (13)︸︷︷︸, (21)︸︷︷︸, (22)︸︷︷︸, (23)︸︷︷︸, (31)︸︷︷︸, (32)︸︷︷︸
)
.
The quark screening mass (i.e. Landau frequency) is defined as follows
(
ω20Q
)
ij
= (ta)in
(
tb
)
mj
δnmδab
[(
ω20Q(Q)
)
n
+
(
ω20Q(G)
)a]
,
∼ 1
2
(
τ
(AB)︸ ︷︷ ︸)
in
(
τ
(BA)︸ ︷︷ ︸)
nj
[(
ω20Q(Q)
)
n
+
(
ω20Q(G)
)(AB)︸ ︷︷ ︸] . (164)
The contraction over the fundamental color indexes i j in the SU(Nc) representation is
reduced to
(
ω20Q
)
ij
=
(
ω20Q(Q)
)
ij
+
(
ω20Q(G)
)
ij
,
= δij
((
ω20Q(Q)
)
j
+
(
ω20Q(G)
)
j
)
,
= δij
(
ω20Q
)
j
. (165)
The quark and gluon segments of the quark-gluon loop part of the quark self-energy gives
the following Landau frequency elements, respectively,
(
ω20Q(Q)
)
i
=
1
2Nc
(
Nc
Nc∑
n=1
(
ω20Q
)
n
− (ω20Q)i
)
, (166)
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and
(
ω20Q(G)
)
i
=
1
2Nc
(
Nc
Nc∑
n=1
(
ω20Q
)(in)︸︷︷︸ − (ω20Q) (ii)︸︷︷︸
)
. (167)
Hence, the quark plasma frequency is given by
(
ω20Q
)
i
=
(
ω20Q(Q)
)
i
+
(
ω20Q(G)
)
i
. (168)
The quark self-energy becomes
ΣQ ij(p0, ~p) = δij
(
ω20Q
)
j
∫
dΩ
4π
[
γ0 − ~γ · kˆ
p0 − kˆ · ~p
]
. (169)
Under certain circumstances, it possible to take the average over external color indexes to
calculate the mean value of the Landau frequency over the color charges. The color mean
value of the quark plasma frequency is given by
(
ω20Q
)
=
1
Nc
Nc∑
i=1
(
ω20Q
)
i
,
=
1
2Nc
Nc∑
n=1
Nc∑
m=1
(
1− δnm
Nc
)[(
ω20Q
)
n
+
(
ω20Q
)(nm)︸ ︷︷ ︸] . (170)
A. The imaginary part
The analytic continuation of the momentum time-component p0 = p0 + iη develops an
imaginary part for the space-like energy domain (p20−~p2) ≤ 0. This imaginary part describes
the Landau-damping of the soft fermion field. The analytic continuation of p0 develops real
and imaginary parts for the quark self-energy as follows
ΣQ ij (p0, ~p) = δij
(
ω20Q
)
j
∫ dΩ
4π
(
γ0 − ~γ · kˆ
)
(
p0 − kˆ · ~p+ iη
)
 ,
= ℜe
(
ΣQ ij (p0, ~p)
)
+ iℑm
(
ΣQ ij (p0, ~p)
)
. (171)
The real and imaginary parts are not developed simultaneously but rather the real part is
developed in the time-like energy domain (p20 − ~p2) > 0 and then the real part is suppressed
and is replaced by the imaginary part when the time-like energy turns to space-like energy.
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Therefore, the real part is developed in the time-like energy domain ~p2 < p20. It is reduced
to
ℜe
(
ΣQ ij (p0, ~p)
)
= δij
(
ω20Q
)
j
P
∫ dΩ
4π
γ0 − ~γ · kˆ(
p0 − kˆ · ~p
)
 ,
= δij
[
ℜe
(
ΣQ j (p0, ~p)
)]
,(
with the time-like energy p20 > ~p
2
)
. (172)
After evaluating the principal value integral, the real part becomes
ℜe
(
ΣQ j (p0, ~p)
)
=
(
ω20Q
)
j
[
1
p0
Q
(
p0
|~p|
)
γ0 − 1|~p|
[
−1 +Q
(
p0
|~p|
)]
~γ · pˆ
]
,(
with the time-like energy p20 > ~p
2
)
. (173)
The imaginary part is developed in the space-like energy domain, ~p2 ≥ p20, and it is reduced
to
ℑm
(
ΣQ ij (p0, ~p)
)
= δij
(
ω20Q
)
j
[
−π
∫
dΩ
4π
(
γ0 − ~γ · kˆ
)
δ
(
p0 − kˆ · ~p
)]
,
= δij
[
ℑm
(
ΣQ j (p0, ~p)
)]
,(
with the space-like energy ~p2 ≥ p20
)
. (174)
After evaluating the integral over the Dirac-delta function, the imaginary part becomes
ℑm
(
ΣQ ij (p0, ~p)
)
= δij
(
ω20Q
)
j
[
− π
2|~p|
(
γ0 − p0|~p|~γ · pˆ
)
θ
( |~p|
|p0| − 1
)]
,(
with the space-like energy ~p2 ≥ p20
)
. (175)
B. Effective propagator for the soft quark
In order to find the quark propagator inverse, it is more convenience to decompose the
quark self-energy to the Foldy-Wouthuysen positive and negative energy components as
follows
ΣQ ij(p0, ~p) = δij
[
Σ
(+)
Q j
(p0, ~p) γ0Λ
(+)
Q (
~k)− Σ(−)Q j(p0, ~p) γ0Λ
(−)
Q (
~k)
]
, (176)
where the positive and negative energy components, respectively, read
Σ
(+)
Q j
(p0, ~p) =
(
ω20Q
)
j
[
1
|~p| +
(
1
p0
− 1|~p|
)
Q
(
p0
|~p|
)]
, (177)
36
and
Σ
(−)
Q j
(p0, ~p) =
(
ω20Q
)
j
[
1
|~p| −
(
1
p0
+
1
|~p|
)
Q
(
p0
|~p|
)]
. (178)
The inverse of the effective soft quark propagator is calculated by adding the quark self-
energy to the inverse of the bar quark propagator as follows
∗S−1Q ij(p0, ~p) = S−1Q ij(p0, ~p) + i ΣQ ij(p0, ~p),
or i ∗S−1Q ij(p0, ~p) = iS−1Q ij(p0, ~p)− ΣQ ij(p0, ~p). (179)
The bar quark propagator is decomposed to the Foldy-Wouthuysen positive and negative
energy components as follows
SQij(p0, ~p) = i δij
[
Λ
(+)
Q (
~k)γ0
p0 − ǫQ(~k)
+
Λ
(−)
Q (
~k)γ0
p0 + ǫQ(~k)
]
. (180)
The inverse of the bar quark propagator is straightforward and it is reduced to
S−1Q ij(p0, ~p) = −i δij
[(
p0 − ǫQ(~k)
)
γ0Λ
(+)
Q (
~k) +
(
p0 + ǫQ(~k)
)
γ0 Λ
(−)
Q (
~k)
]
. (181)
The effective soft quark propagator is found as follows,
∗SQ ij (p0, ~p) = i δij
 Λ(+)Q (~p) γ0
p0 −
(
ǫQ(~p) + Σ
(+)
Q j
(p0, ~p)
) + Λ(−)Q (~p) γ0
p0 +
(
ǫQ(~p) + Σ
(−)
Q j
(p0, ~p)
)
 ,
= i δij
±∑
r
(
∗∆
(r)
Q j
(p0, ~p)
)
h
(r)
Q (~p), (182)
where the following positive and negative energy projectors are introduced
h
(r)
Q (~p) = Λ
(r)
Q (~p) γ0, (where r = ±). (183)
The positive and negative energy decompositions, respectively, read,
∗∆
(+)
Q j
(p0, ~p) =
1
p0 −
(
ǫQ(~p) + Σ
(+)
Q j
(p0, ~p)
) , (184)
and
∗∆
(−)
Q j
(p0, ~p) =
1
p0 +
(
ǫQ(~p) + Σ
(−)
Q j
(p0, ~p)
) . (185)
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In order to be able to work in the mixed-time representation of the imaginary-time formalism
of the thermal field theory, we need to find all the poles of the effective soft quark propagator.
The positive and negative energy poles are found in the following locations
p0 = ω+j :
(
ω+j −
(
ǫQ(~p) + Σ
(+)
Q j
(ω+j, ~p)
))
= 0,
p0 = ω−j :
(
ω−j +
(
ǫQ(~p) + Σ
(−)
Q j
(ω−j, ~p)
))
= 0, (186)
for the positive and negative Foldy-Wouthuysen energy components. Therefore, positive
and negative energy poles are written, respectively, as follows
ε
(+)
Q j
(~p) =
(
ǫQ(~p) + Σ
(+)
Q j
(ω+j, ~p)
)
, ω+j = ε
(+)
Q j
(~p), and p0 = ω+j , (187)
and
ε
(−)
Q j
(~p) =
(
ǫQ(~p) + Σ
(−)
Q j
(ω−j , ~p)
)
, ω−j = −ε(−)Q j(~p), and p0 = ω−j. (188)
After introducing the flavor and color chemical potentials, we can write the effective positive
and negative energy poles as follows,
p0 → ε∗ (+)Q j(~p) = ε
(+)
Q j
(~p)− µQ − i θj
β
,
p0 → −ε∗ (−)Q j(~p) = −ε
(−)
Q j
(~p)− µQ − i θj
β
. (189)
The effective soft quark propagator in the mixed-time representation is reduced to
i ∗S ij(τ, ~p) = δij [i ∗Sj(τ, ~p)] ,
= δij
[
Λ
(+)
Q (pˆ) γ0
∗∆
(+)
Qj (τ, ~p) + Λ
(−)
Q (pˆ) γ0
∗∆
(−)
Qj (τ, ~p)
]
, (190)
where
∗∆
(+)
Qj (τ, ~p) =
[
1− nF
(
ε
(+)
Q j
(~p)− µQ − i θj
β
)]
exp
[
−τ
(
ε
(+)
Q j
(~p)− µQ − i θj
β
)]
,(191)
and
∗∆
(−)
Qj (τ, ~p) = nF
(
ε
(−)
Q j
(~p) + µQ + i
θj
β
)
exp
[
τ
(
ε
(−)
Q j
(~p) + µQ + i
θj
β
)]
. (192)
The mixed-time representation in the imaginary-time formalism in the thermal field theory
is represented in the following way
S
(
iωn + µQ + i
θj
β
)
=
∫ β
0
dτeiωnτS>j (τ), (where τ ≥ 0), (193)
and
Sj(τ) = 1
β
∑
n
exp[−iωnτ ]S
(
iωn + µQ + i
θj
β
)
. (194)
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VI. GLUON SELF-ENERGY: FEYNMAN DIAGRAMS
The soft gluon polarization tensor, namely, Πα
′αa
′a
(p0, ~p) is calculated up to the one
loop approximation and the Feynman diagrams for the gluon-loop, tadpole, ghost-loop and
quark-loop are depicted in Figs. (2 a), (2 b), (2 c) and (2 d), respectively. Hereinafter, the
soft gluon polarization tensor is decomposed to two parts which are the gluon’s part, namely,
Πα
′α
(gp)
a′a
(p0, ~p) and the quark’s part, namely, Π
α′α
(ql)
a′a
(p0, ~p). The gluon’s part of the soft gluon
polarization tensor, Πα
′α
(gp)
a′a
(p0, ~p), consists the gluon-loop, tadpole and ghost-loop that are
displayed in Figs. (2 a), (2 b) and (2 c), respectively. Furthermore, the contributions of
the gluon-loop, tadpole and ghost-loop to the soft gluon polarization tensor are represented
by Πα
′α
(g−l)
a′a
(p0, ~p), Π
α′α
(tp)
a′a
(p0, ~p), and Π
α′α
(gh)
a′a
(p0, ~p), respectively. On the other hand, the
quark’s part of the soft gluon polarization tensor, namely, Πα
′α
(ql)
a′a
(p0, ~p), consists only the
quark-loop that is depicted in Fig. (2 d). The color indexes are shown explicitly in the
figures. These diagrams are evaluated in the HTL approximation. In the context of the
HTL approximation the external gluon line is assumed soft and carries soft momentum and
energy of order p ∼ g T (i.e. |~p| ∼ g T and p0 ∼ g T ) while the internal momentum is
considered hard one and is of oder k ∼ T . The hard internal and soft external momenta
have the following relationship,
p ∼ gT ≪ k ∼ T and g ≪ 1. (195)
The polarization tensor in the HTL approximation is shown to be gauge independent. It is
straightforward to construct the gluon polarization tensor in the Feynman gauge where the
final result is concluded to be gauge fixing independent. It is known that in the four space-
time dimensions, the gluon polarization tensor expression develops an ultraviolet divergence.
Such divergence is eliminated by the gluon wave-function renormalization. Moreover, the
thermal contribution of the soft gluon polarization tensor
Πα
′αa
′a
(p0, ~p)
∣∣∣
T
= Πα
′αa
′a
(p0, ~p)− Πα′αa
′a
(p0, ~p)
∣∣∣
T=0
, (196)
has no ultraviolet divergence, since the statistical factors which are given by nF (ǫQ(~k)) for
quark and NG(ǫG(~k)) for gluon are exponential decreasing. Hence, it is sufficient to evaluated
the thermal soft gluon polarization in the standard 4 space-time dimensions and retaining
only the thermal terms while dropping any term does not have an explicit temperature term.
There is no need for any renormalization scheme in the present calculations.
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A. Gluon-loop kernel Π(g−l) (p, k)
The gluon loop part of the soft gluon polarization tensor is depicted in Fig. (2 a). It is
furnished as follows
Π(g−l)α′α
a′a(p, k) = Π(g−l)α′α
a′a(p0, ~p, k0, ~k),
=
1
2
(
−i g fa′c′b′ Γ(out)α′γ′β′(p,−k,−p+ k)
)
Gγ′γ c
′c
(k0, ~k)
×
(
−i g f cab Γ(in)γαβ (−k, p,−p+ k)
)
Gββ′ b
′b
(p0 − k0, ~p− ~k),
=
1
2
(
+i g fa
′c′b′ Γα′γ′β′ (−p, k, p− k)
)
Gγ′γ c
′c
(k0, ~k)
× (−i g f cab Γγαβ(−k, p,−p + k)) Gββ′ b′b(p0 − k0, ~p− ~k). (197)
The inward-vertex Γ
(in)
γαβ (−k, p,−p + k) = Γγαβ (−k, p,−p + k) has the inward momentum,
while the outward-vertex Γ
(out)
α′γ′β′(p,−k,−p + k) = −Γα′γ′β′ (−p, k, p− k) has an outward
momentum. The gluon vertexes that are appearing in the gluon-loop are given by
Γβγα (−k, p,−p+ k) = [gβγ(−p + 2k)α + gγα(−k − p)β + gαβ(2p− k)α] ,
Γγ′β′α′ (−p, k, p− k) = − [gγ′β′(−2k + p)α′ + gβ′α′(−2p+ k)γ′ + gα′γ′(p+ k)β′] , (198)
for the in- and out-vertexes, respectively. The gluon-loop kernel which is given by Eq. (197)
is re-written as follows,
Π(g−l)α′α
a′a(p, k) = +
g2
2
fa
′c′b′ fabc Γα′γ′β′ (−p, k, p− k) Γγαβ (−k, p,−p+ k) gγ′γ′ gββ′
×Gc′c(k0, ~k)Gb′b(p0 − k0, ~p− ~k),
= −g
2
2
(Ta
′
)c′b′(T
a)bcΓα′γ′β′ (−p, k, p− k) Γγαβ (−k, p,−p + k) gγ′γ′ gββ′
×Gc′c(k0, ~k)Gb′b(p0 − k0, ~p− ~k). (199)
Moreover, under the assumption of the HTL approximation where the hard internal mo-
mentum is supposed to be much bigger than the soft external gluon momentum by a ratio
p/k ∼ g (i.e. k ∼ T ≫ p ∼ g T ), it is useful to introduce the following approximation,
Γα′γ′β′ (−k, p,−p+ k) Γγαβ (−p, k, p− k) gγ′γ′ gββ′ ≈ 10 kα kα′ + 2 gαα′ k2. (200)
The approximation, that is given by Eq. (200), reduces the gluon-loop kernel which is given
by Eq. (199) to
Πα
′ α
(g−l)
a′a
(p, k) = −g
2
2
(Ta
′
)c′b′ (T
a)bc
[
10 kα kα
′
+ 2 gαα
′
k2
]
×Gc′c(k0, ~k)Gb′b(p0 − k0, ~p− ~k). (201)
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B. Tadpole diagram kernel Π(tp) (p, k)
The gluon tadpole contributes to the soft gluon polarization tensor. Its Feynman diagram
is depicted in Fig. (2 b). The gluon tadpole kernel is constructed by the four-gluons vertex
and one gluon loop as follows,
Παα
′
(tp)
a′a
(p, k) = Παα
′
(tp)
a′a
(p0, ~p, k0, ~k),
=
1
2
g2 Γα
′α
β′β
a′a c′c
gβ
′β Gc′c(k0, ~k),
=
1
2
g2 Γα
′α
β′β
a′c′ ca
gβ
′β Gc′c(k0, ~k). (202)
The four-gluons vertex that is contracted by gβ
′β is reduced to
gβ
′β Γα
′α
β′β
a′c′ ca
=
[
fa
′c′e f eca (gαα′ δββ − gαα′)− fa′ae f ec′c (gαα′ δββ − gαα′)
]
,
= (δββ − 1)gαα′
[
fa
′c′e f eca + fa
′ae f ecc
′
]
,
= 2 (dim4 − 1) gαα′
[
fa
′c′e faec
]
,
= −6 gαα′ (Ta′)c′e′ (Ta)ec δee′ . (203)
The dimension of the configuration space is set to 4 (i.e.dim = 4). Therefore, the kernel of
the gluon tadpole is reduced to
Πα
′α
(tp)
a′a
(p, k) ≡ −3 g2 (Ta′)c′b′ (Ta)bc Gc′c(k0, ~k) gαα′ δb′b, (204)
where p and k are the soft external and the hard internal gluon momenta, respectively.
C. Ghost-loop diagram kernel Π(gh)(p, k)
The Feynman diagram for the ghost-loop is depicted in Fig. (2 c). The ghost-loop’s
kernel as a function of the soft external and hard internal momenta, p and k, respectively,
is constructed as follows
Πα
′α
(gh)
a′a
(p, k) = Πα
′α
(gh)
a′a
(p0, ~p, k0, ~k),
=
(
−i g f b′a′c′ kα′
)
Gc′c(k0, ~k)
(−i g f cab (k − p)α)
× Gb′b(k0 − p0, ~k − ~p). (205)
It is approximated to
Πα
′α
(gh)
a′a
(p, k) ≈
(
−i g f b′a′c′ kα′
)
Gc′c(k0, ~k)
(−i g f cab kα) Gb′b(k0 − p0, ~k − ~p),
= −g2 fa′c′b′ fabc kα′ kα Gc′c(k0, ~k)Gb′b(k0 − p0, ~k − ~p). (206)
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In terms of the adjoint Ta and Ta
′
color matrices, the kernel of the ghost-loop that is given
by Eq. (206) becomes,
Πα
′α
(gh)
a′a
(p, k) = g2 (Ta
′
)c′b′ (T
a)bc
[
kα
′
kα Gc′c(k0, ~k)Gb′b(k0 − p0, ~k − ~p)
]
. (207)
D. Gluon’s part of the gluon’s self-energy: Π(gp)(p0, ~p) = Π(g−l)(p0, ~p) + Π(tp)(p0, ~p) +
Π(gh)(p0, ~p)
The gluon’s part of the gluon’s self-energy consists of the gluon-loop, ghost-loop and tad-
pole interactions. These interactions are depicted in Figs. (2 a), (2 b) and (2 c), respectively.
The energy of the gluon’s part is calculated by integrating the kernel over the hard internal
momentum k as follows,
Πα
′α
(gp)
a′a
(p) = Πα
′α
(gp)
a′a
(p0, ~p),
=
∫
dk0
2π
∫
d3~k
(2π)3
Πα
′α
(gp)
a′a
(p, k). (208)
The kernel is expressed in terms of the both soft external 4-momentum p and hard internal
4-momentum k and it reads,
Πα
′α
(gp)
a′a
(p, k) = Πα
′α
(g−l)
a′a
(p, k) + Πα
′α
(tp)
a′a
(p, k) + Πα
′α
(gh)
a′a
(p, k). (209)
The soft external momentum line, namely, p is labeled by the external adjoint indexes a′ a
while the hard internal momentum lines are labeled by the internal adjoint color indexes
b′ b for one line segment and c′ c for the other line segment. The external adjoint color
indexes a′ a are coupled to the internal color indexes through the elements of the adjoint
color matrices (i.e. vertexes) (Ta
′
)c′b′ and (T
a)bc. Hence, the total kernel of the gluon’s part
of the gluon’s self-energy is reduced to
Πα
′α
(gp)
a′a
(p, k) = (Ta
′
)c′b′ (T
a)bc g
2
[
− (4kα′ kα + gα′α k2) Gc′c(k0, ~k)Gb′b(k0 − p0, ~k − ~p)
− 3gα′α Gc′c(k0, ~k) δbb′
]
. (210)
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It is useful to note the following relation for the integration over the time-component of the
hard internal momentum k,
(Ta
′
)c′b′ (T
a)bc
∫
dk0
2π
Gc′c(k0, ~k) δbb′ ≡ −(Ta′)c′b′ (Ta)bc
×
∫
dk0
2π
k2 Gc′c(k0, ~k)Gb′b(k0 − p0, ~k − ~p),
≡ 1
2
(Ta
′
)c′b′ (T
a)bc
×
∫
dk0
2π
[
Gc′c(k0, ~k) δbb′ + Gb′b(k0, ~k) δcc′
]
.(211)
The last line in the preceding integral is to indicate the symmetry of the term
(Ta
′
)c′b′ (T
a)bc δ
b′bδc
′c over the internal adjoint indexes under the sum of the repeated indexes
those are considered in Eq. (210). Therefore, the gluon’s part of the gluon’s self-energy is
reduced to
Πα
′α
(gp)
a′a
(p) = Πα
′α
(gp)
a′a
(p0, ~p),
= −4(Ta′)c′b′ (Ta)bc g2
∫
d3~k
(2π)3
[∫
dk0
2π
kα′ kα Gc′c(k0, ~k)Gb′b(k0 − p0, ~k − ~p)
+
1
2
gα′α
∫
dk0
2π
Gc′c(k0, ~k) δbb′
]
,
= −4(Ta′)c′b′ (Ta)bc g2
∫
d3~k
(2π)3
∫
dk0
2π
[
kα′ kα − 1
2
gα′α k
2
]
× Gc′c(k0, ~k)Gb′b(k0 − p0, ~k − ~p). (212)
The notations for the gluon part of the gluon’s self-energy is simplified to
Πα
′α
(gp)
a′a
(p0, ~p) = −4(Ta′)c′b′ (Ta)bc
(
[kα′kαΠGG ]
b′b cc′(p0, ~p) +
1
2
gα′α [ΠG ]
b′b cc′ (p0, ~p)
)
.
(213)
The two terms inside the parenthesis on the right hand side of Eq. (213) is labeled by the
internal adjoint color indexes b′ b and c′c. Moreover, the first term on the right hand side of
Eq. (213) is defined by
[kα′kαΠGG ]
b′b cc′(p0, ~p) = g
2
∫
d3~k
(2π)3
∫
dk0
2π
kα′ kα Gc′c(k0, ~k)Gb′b(k0 − p0, ~k − ~p). (214)
While the second term on the right hand side of Eq. (213) is written as follows,
[ΠG ]
b′b cc′ (p0, ~p) =
∫
d3~k
(2π)3
∫
dk0
2π
ΠG
b′b cc′(p, k),
= −[k2ΠGG]b′b cc′(p0, ~p), (215)
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where
[ΠG ]
b′b cc′(p0, ~p) = g
2
∫
d3~k
(2π)3
∫
dk0
2π
Gc′c(k0, ~k) δbb′ , (216)
and
[
k2ΠGG
]b′b cc′
(p0, ~p) = g
2
∫
d3~k
(2π)3
∫
dk0
2π
k2 Gb′b(k0, ~k)Gc′c(k0 − p0, ~k − ~p). (217)
The second term inside the parenthesis on the right hand side of Eq. (213) shall be evaluated
at first because it is easier than the first one. The term, namely, [k2ΠGG ]
b′b cc′
(p0, ~p) is written
the mixed-time representation of the imaginary-time formalism as follows
[
k2ΠGG
]b′b cc′
(p0, ~p,~k) = −g2
∫
dk0
2π
∫ β
0
dτ
∫ β
0
dτ ′ e[k0−i
1
β
φb]τ e[(k0−p0)−i
1
β
φc]τ ′ δ(τ)
×Gc′c(τ ′, ~k − ~p) δbb′. (218)
It is evaluated as follows,
[
k2ΠGG
]b′b cc′
(p0, ~p,~k) ≡ −g2 Gcc′(0, ~k − ~p) δbb′,
≈ − g
2
2ǫG(~k)
[
1 +NG
(
ǫG(~k)− i 1
β
φc
)
+NG
(
ǫG(~k) + i
1
β
φc
)]
δbb
′
δcc
′
. (219)
After integrating Eq. (219) over the hard internal momentum ~k, we get
[
k2ΠGG
]b′b cc′
(p0, ~p) =
∫
d3~k
(2π)3
[
k2ΠGG
]bc
(p0, ~p,~k) δ
b′b δcc
′
,
=
[
k2ΠGG
]bc
(p0, ~p) δ
b′b δcc
′
, (220)
where
[
k2ΠGG
]bc
(p0, ~p) ≈ −g2
∫
d3~k
(2π)3
1
2ǫG(~k)
[
NG
(
ǫG(~k)− i 1
β
φc
)
+NG
(
ǫG(~k) + i
1
β
φc
)]
+ (non-thermal part) . (221)
The thermal part of the above equation is given by dropping the non-thermal part. There-
fore, the second term on the right hand side of Eq. (213) is reduced to
[ΠG ]
bc(p0, ~p) = −
[
k2ΠGG
]bc
(p0, ~p),
≈ 1
4
(
m2D (G)
)bc
. (222)
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The Debye mass
(
m2D (G)
)bc
which is contracted by (Ta
′
)cb (T
a)bc
(
m2D (G)
)bc
=
(Ta
′
)cb (T
a)bc
(
m2D (G)
)b
is reduced to
(
m2D (G)
)bc
= g2
∫
d|~k|
2π2
|~k|
[
NG
(
ǫG(~k)− i 1
β
φb
)
+NG
(
ǫG(~k) + i
1
β
φb
)
+NG
(
ǫG(~k)− i 1
β
φc
)
+NG
(
ǫG(~k) + i
1
β
φc
)]
,
= 2 g2
∫
d|~k|
2π2
|~k|
[
NG
(
ǫG(~k)− i 1
β
φb
)
+NG
(
ǫG(~k) + i
1
β
φb
)]
. (223)
It is natural to symmetrize the adjoint color indexes b and c under the sum of all possible
configurations. Moreover, the first term on the right hand side of Eq. (213) can be evaluated
in a straightforward way. Eq. (214) is written as follows
[kαkα′ΠGG]
b′b cc′(p0, ~p) =
∫
d3~k
(2π)3
[kαkα′ΠGG]
b′b cc′(p0, ~p,~k),
=
∫
d3~k
(2π)3
∫
dk0
2π
[kαkα′ΠGG ]
b′b cc′(p0, ~p, k0, ~k), (224)
where
[kαkα′ΠGG ]
b′b cc′(p0, ~p, k0, ~k) = g
2 kα′ kα Gb′b(k0, ~k)Gc′c(k0 − p0, ~k − ~p). (225)
In the format of the mixed-time formalism, Eq. (224) is written as follows
[kαkα′ΠGG ]
b′b cc′(p0, ~p,~k) = g
2
∫
dk0
2π
∫ β
0
dτ
∫ β
0
dτ ′e[k0−i
1
β
φb]τe[(k0−p0)−i
1
β
φc]τ ′
× [kαkα′G]b
′b (τ,~k)Gc′c(τ ′, ~k − ~p),
= g2
∫ β
0
dτe−(p0−i
1
β
φb+i 1
β
φc)(β−τ)
×[kαkα′G]b
′b(τ,~k)Gcc′(β − τ,~k − ~p),
= g2
∫ β
0
dτe(p0−i
1
β
φa)τ [kαkα′G]b
′b(τ,~k)Gcc′(β − τ,~k − ~p).(226)
In the above equation (i.e. Eq. (226)), the following relation is considered∫
dk0
2π
∫ β
0
dτ
∫ β
0
dτ ′e(k0−i
1
β
φb)(τ+τ ′) =
1
β
even∑
n
∫ β
0
dτ
∫ β
0
dτ ′eiωn(τ+τ
′),
=
∫ β
0
dτ
∫ β
0
dτ ′δ(τ + τ ′ − β), (227)
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besides the following identity
exp
[
−
(
p0 − i 1
β
φb + i
1
β
φc
)
β
]
= exp
[
−
(
p0 − i 1
β
φa
)
β
]
,
= 1, (228)
is adopted in the calculation. The term [kαkα′G]b
′b(τ,~k), which is appeared in Eq. (226), is
defined in the context of the mixed-time representation. It needs a rather more sophisticated
work to be calculated. It is decomposed to the Lorentz components, namely, zero, zero-vector
and finally vector-vector components as follows,
[k0G] bb
′
(τ,~k) =
1
2
[
1 +NG
(
ǫG(~k)− i 1
β
φb
)]
e−τ(ǫG(
~k)−i 1
β
φb) δbb
′
−1
2
[
NG
(
ǫG(~k) + i
1
β
φb
)]
eτ(ǫG(
~k)+i 1
β
φb) δbb
′
, (229)
[
k0~kjG
]bb′
(τ,~k) =
~kj
2
[
1 +NG
(
ǫG(~k)− i 1
β
φb
)]
e−τ(ǫG(
~k)−i 1
β
φb) δb
′b
−
~kj
2
[
NG
(
ǫG(~k) + i
1
β
φb
)]
eτ(ǫG(
~k)+i 1
β
φb) δbb
′
, (230)
and [
~ki~kjG
]bb′
(τ,~k) =
~ki~kj
2ǫG(~k)
[
1 +NG
(
ǫG(~k)− i 1
β
φb
)]
e−τ(ǫG(
~k)−i 1
β
φb) δbb
′
+
~ki~kj
2ǫG(~k)
[
NG
(
ǫG(~k) + i
1
β
φb
)]
eτ(ǫG(
~k)+i 1
β
φb) δbb
′
, (231)
respectively. The term Gcc′(β − τ,~k − ~p), which is appeared in the last line of Eq. (226), is
reduced to
Gcc′ = Gcc′(β − τ,~k − ~p),
=
1
2ǫG(~k − ~p)
[
1 +NG
(
ǫG(~k − ~p)− i 1
β
φc
)]
e−(β−τ)(ǫG(
~k−~p)−i 1
β
φc) δcc
′
+
1
2ǫG(~k − ~p)
[
NG
(
ǫG(~k − ~p) + i 1
β
φc
)]
e(β−τ)(ǫG(
~k−~p)+i 1
β
φc) δcc
′
. (232)
It can be parametrized in the following way,
Gcc′ = Gcc′(β − τ,~k − ~p),
=
1
2ǫG(~k − ~p)
[
NG
(
ǫG(~k − ~p)− i 1
β
φc
)]
eτ(ǫG(
~k−~p)−i 1
β
φc) δcc
′
+
1
2ǫG(~k − ~p)
[
1 +NG
(
ǫG(~k − ~p) + i 1
β
φc
)]
e−τ(ǫG(
~k−~p)+i 1
β
φc) δcc
′
. (233)
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In the similar manner, the term [k0G]cc
′
(
β − τ,~k − ~p
)
is parametrized as follows
[k0G]cc
′
(
β − τ,~k − ~p
)
=
1
2
[
NG
(
ǫG(~k − ~p)− i 1
β
φc
)]
eτ(ǫG(
~k−~p)−i 1
β
φc) δcc
′
−1
2
[
1 +NG
(
ǫG(~k − ~p) + i 1
β
φc
)]
e−τ(ǫG(
~k−~p)+i 1
β
φc) δcc
′
.(234)
The term, namely, [kα′kαΠGG ]
b′b cc′ (p0, ~p) is decomposed to the Foldy-Wouthuysen positive
and negative energy components:
[kα′kαΠGG ]
b′b cc′ (p0, ~p) =
∑
r=±
∑
s=±
[
kα′kαΠ
(rs)
GG
]b′b cc′
(p0, ~p). (235)
The positive-positive and negative-negative energy components of the Foldy-Wouthuysen
decomposition are reduced to
[
k0k0Π
(++)
GG
]bc
(p0, ~p,~k) ≈ g
2
4
[
NG
(
ǫG(~k)− i 1βφb
)
−NG
(
ǫG(~k − ~p)− i 1βφc
)]
p0 −
(
ǫG(~k)− ǫG(~k − ~p)
) , (236)
and
[
k0k0Π
(−−)
GG
]bc
(p0, ~p,~k) ≈ −g
2
4
[
NG
(
ǫG(~k) + i
1
β
φb
)
−NG
(
ǫG(~k − ~p) + i 1βφc
)]
p0 +
(
ǫG(~k)− ǫG(~k − ~p)
) , (237)
respectively, where the following approximation
ǫG(~k) / ǫG(~k − ~p) ≈ 1, (238)
is adopted. Since, the terms
[
k0k0Π
(rs)
GG
]bc
(p0, ~p,~k) are located under the integral
∫
d3~k
(2π)3
, the
symmetry over the polar integration kˆ · ~p can be considered. The negative-negative energy
component is reduced to[
k0k0Π
(−−)
GG
]bc
(p0, ~p) =
∫
d3~k
(2π)3
[
k0k0Π
(−−)
GG
]bc
(p0, ~p,~k)
≈ −g
2
4
∫
d3~k
(2π)3
[
NG
(
ǫG(~k) + i
1
β
φb
)
−NG
(
ǫG(~k + ~p) + i
1
β
φc
)]
p0 +
(
ǫG(~k)− ǫG(~k + ~p)
) .
(239)
In the subsequent calculations, it is useful to consider the following approximations
ǫG(~k)− ǫG(~k − ~p) ≈ kˆ · ~p ∼ g T cos(θ),
ǫG(~k) + ǫG(~k − ~p) ≈ 2 |~k| ∼ 2 T, (240)
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for the HTL approximation with a soft external momentum p and a hard internal momentum
k. The other energy components of the Foldy-Wouthuysen decomposition, namely, (+−),
(−+), (−−) can be calculated in a similar way. Using the approximations that are given
in Eqns. (238) and (240), the sum of the positive-positive and negative-negative energy
kernel components, with the internal loop adjoint color indexes b and c which are given by
Eqns. (236) and (239), is reduced to([
k0k0Π
(++)
GG
]bc
(p0, ~p,~k) +
[
k0k0Π
(−−)
GG
]bc
(p0, ~p,~k)
)
= g
2
4
∫
d3~k
(2π)3
[
1
p0−kˆ·~p
] [
NG
(
ǫG(~k)− i 1βφb
)
−NG
(
ǫG(~k) + i
1
β
φb
)]
+ g
2
4
∫
d3~k
(2π)3
[
1
p0−kˆ·~p
] [
NG
(
ǫG(~k − ~p)− i 1βφc
)
−NG
(
ǫG(~k + ~p) + i
1
β
φc
)]
.
(241)
It is approximated to([
k0k0Π
(++)
GG
]bc
(p0, ~p) +
[
k0k0Π
(−−)
GG
]bc
(p0, ~p)
)
= g
2
4
∫
dΩk
4π
[
1
p0−kˆ·~p
] ∫ d|~k|
2π2
|~k|2
[
NG
(
ǫG(~k)− i 1βφb
)
−NG
(
ǫG(~k) + i
1
β
φb
)]
− g2
4
∫
dΩk
4π
[
1
p0−kˆ·~p
] ∫ d|~k|
2π2
|~k|2
[
NG
(
ǫG(~k)− i 1βφc
)
−NG
(
ǫG(~k) + i
1
β
φc
)]
− g2
4
[
1− p0
∫
dΩk
4π
1
p0−kˆ·~p
] ∫ d|~k|
2π2
|~k|2 d
d|~k|
[
NG
(
ǫG(~k)− i 1βφc
)
+NG
(
ǫG(~k) + i
1
β
φc
)]
.
(242)
In a similar way, the sum of positive-negative and negative-positive Foldy-Wouthuysen en-
ergy components is reduced to([
k0k0Π
(+−)
GG
]bc
(p0, ~p) +
[
k0k0Π
(−+)
GG
]bc
(p0, ~p)
)
= −g2
4
∫ d|~k|
2π2
|~k|
2
[
NG
(
ǫG(~k)− i 1βφb
)
+NG
(
ǫG(~k) + i
1
β
φb
)]
− g2
4
∫ d|~k|
2π2
|~k|
2
[
NG
(
ǫG(~k)− i 1βφc
)
+NG
(
ǫG(~k) + i
1
β
φc
)]
.
(243)
The gluon’s part of the Debye mass due to the Feynman diagrams of the gluon loop, tadpole
and ghost loop, reads
(
m2D (G)
)b
= −g2
∫
d|~k|
2π2
|~k|2 d
d|~k|
[
NG
(
ǫG(~k)− i 1
β
φb
)
+NG
(
ǫG(~k) + i
1
β
φb
)]
,
= 2 g2
∫
d|~k|
2π2
|~k|
[
NG
(
ǫG(~k)− i 1
β
φb
)
+NG
(
ǫG(~k) + i
1
β
φb
)]
. (244)
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The additional terms those appear in Eq. (242) can be parametrized by
(
∆m2D (G)
)b
= g2
∫
d|~k|
2π2
|~k|2
[
NG
(
ǫG(~k)− i 1
β
φb
)
−NG
(
ǫG(~k) + i
1
β
φb
)]
. (245)
The sum over all the Foldy-Wouthuysen energy components of the composite
[k0k0ΠGG ]
bc (p0, ~p) becomes
[k0k0ΠGG ]
bc (p0, ~p) = −1
8
[
1
2
(
m2D (G)
)b
+
1
2
(
m2D (G)
)c]
+
1
8
2 − 2 p0 ∫ dΩ
4π
1(
p0 − kˆ · ~p
)
 (m2D (G))c
+
1
4
∫
dΩ
4π
1(
p0 − kˆ · ~p
) [(∆m2D (G))b − (∆m2D (G))c] . (246)
The same calculations are performed for the other Lorentz components such
as [k0kiΠGG ]
bc (p0, ~p) and [kikjΠGG ]
bc (p0, ~p) components. For instance the term
[kikjΠGG ]
bc (p0, ~p) is reduced to
[kikjΠGG]
bc (p0, ~p) =
1
8
[
2
3
(
m2D (G)
)c
+
1
3
(
1
2
(
m2D (G)
)b
+
1
2
(
m2D (G)
)c)]
δij
−2 p0
8
∫
dΩ
4π
kˆikˆj(
p0 − kˆ · ~p
) (m2D (G))c
+
1
4
∫
dΩ
4π
kˆikˆj(
p0 − kˆ · ~p
) [(∆m2D (G))b − (∆m2D (G))c] , (247)
where the following tensor identity has been considered in the above calculation∫
dΩ
4π
(
3kˆikˆj − δij
)
= 0. (248)
The Lorentz momentum components of kˆα′ kˆα are written as follows
kˆα′ kˆα =
(
1, kˆi, kˆj, kˆikˆj
)
. (249)
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The general result can be obtained by the same calculations. The result reads
[kα′kαΠGG ]
bc (p0, ~p) = 2 δ
0
α′ δ
0
α
(
1
8
)[
4
3
(
m2D (G)
)c − 1
3
{
1
2
(
m2D (G)
)b
+
1
2
(
m2D (G)
)c}]
− gα′α
(
1
8
)[
2
3
(
m2D (G)
)c
+
1
3
{
1
2
(
m2D (G)
)b
+
1
2
(
m2D (G)
)c}]
−2 p0
8
∫
dΩ
4π
kˆα′ kˆα(
p0 − kˆ · ~p
) (m2D (G))c
+
1
4
∫
dΩ
4π
kˆα′ kˆα(
p0 − kˆ · ~p
) [(∆m2D (G))b − (∆m2D (G))c] . (250)
The term
(
∆m2D (G)
)b
generates a quadratic order temperature term (i.e. ∝ T 3). This term
also appears in Refs. [25–27]. Although these quadratic temperature terms emerge in the
internal loop segments with internal adjoint color indexes, they cancel each other in the final
result for the loop with external adjoint color indexes (see Eq. (100)) when the sum over the
internal adjoint color indexes is considered.
By using the symmetry over the adjoint color indexes b and c that is given by Eqns. (99)
and (100), the Lorentz-Lorentz polarization tensor (e.g. Eq. (250)) is contracted as follows(
Ta
′
)
cb
(Ta)bc [kα′kαΠGG ]
bc (p0, ~p)
= 1
8
(Ta)cb (T
a)bc
(
m2D (G)
)c [
(2δ0α′ δ
0
α − gα′α)− 2 p0
∫
dΩ
4π
kˆα′ kˆα
(p0−kˆ·~p)
]
.
(251)
Hence after eliminating the redundant terms, it is simplified to
[kα′kαΠGG]
bc (p0, ~p) =
1
8
(
m2D (G)
)c (2δ0α′ δ0α − gα′α)− 2 p0 ∫ dΩ4π kˆα′ kˆα(p0 − kˆ · ~p)
 .
(252)
The quadratic temperature terms which are generated in the internal gluon loop are elim-
inated when the summation over the internal adjoint color indexes is considered. These
quadratic terms simply disappear from the gluon polarization tensor with the external line
legs those are labeled by the adjoint indexes a′ a. The 3- gluons vertex is anti-symmetry over
the interchange of two adjoint color indexes. Since the internal gluon loop has two 3-gluon
vertexes, it is symmetry over the interchange of two adjoint color indexes. The internal loop
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gluon polarization tensor becomes
Π(gp)α′α
bc(p0, ~p) = −4
(
[kα′ kαΠGG ]
bc (p0, ~p)− 1
2
gα′α
[
k2ΠGG
]bc
(p0, ~p)
)
,
= −4
(
[kα′ kαΠGG ]
bc (p0, ~p) +
1
2
gα′α [ΠG ]
bc (p0, ~p)
)
,
=
(
m2D (G)
)bc −δ0α′ δ0α + p0 ∫ dΩ4π kˆα′ kˆα(p0 − kˆ · ~p)
 . (253)
When the color charges couple with the quark and gluon kinetic degree of freedom, the
Debye mass has a color charge. The gluon’s part of the Debye mass is labeled by an adjoint
color index. The external adjoint color indexes are given by a′ a while the internal segments
for the gluon loop are given by the adjoint color indexes b′ b and c′ c. The internal adjoint
color indexes are reduced to b c by the contraction of δc
′ c and δb
′ b and the summation over all
the possible configurations. The integration by parts reduces the gluon’s part of the Debye
mass to the following result,
(
m2D (G)
)b
= 2g2
∫
d|~k|
2π2
|~k|
[
NG
(
ǫG(~k)− i 1
β
φb
)
+NG
(
ǫG(~k) + i
1
β
φb
)]
,
=
g2
π2
[
π2
3 β2
− 1
2
(
i
1
β
φb
)2
+ i
π
β
(
i
1
β
φb
)]
,
→ g
2
π2
 π2
3 β2
− 1
2
(
µC
b≡(AB)︸ ︷︷ ︸)2 + i π
β
(
µC
b≡(AB)︸ ︷︷ ︸) ,
→ g
2
π2
[
π2
3 β2
− 1
2
(µCA − µCB)2 + i
π
β
(µCA − µCB)
]
. (254)
It is interesting to note that when the fundamental color chemicals become equal µCA ≈
µCB, the adjoint color chemical becomes negligible µC
(AB)︸ ︷︷ ︸ = (µCA − µCB) ≈ 0 and
Eq. (254) is reduced simply to
(
m2D (G)
)bc
= g2 T 2/3. When the fundamental color po-
tentials are not equal (i.e. µCA 6= µCB), Eq. (254) develops an imaginary part and this leads
to nontrivial results. The symmetrization over the internal adjoint color indexes, namely, b
and c is given by
(Ta
′
)cb (T
a)bc
(
m2D (G)
)bc
= (Ta
′
)cb (T
a)bc
[(
m2D (G)
)b
+
(
m2D (G)
)c]
/2,
= (Ta
′
)cb (T
a)bc
(
m2D (G)
)b
, (255)
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which is identical to Eq. (223). The term
(
∆m2D (G)
)b
is determined as follows
(
∆m2D (G)
)b
= g2
∫
d|~k|
2π2
|~k|2
[
NG
(
ǫG(~k)− i 1
β
φb
)
−NG
(
ǫG(~k) + i
1
β
φb
)]
,
=
g2 T 3
π2
[
Li3
(
eiφ
b
)
− Li3
(
e−iφ
b
)]
. (256)
The term with Poly-Logarithm functions can be simplified as follows[
Li3
(
eiφ
b
)
− Li3
(
e−iφ
b
)]
= −1
6
(iφb)
[
(iφb)− iπ] [(iφb)− 2iπ] ,
≡ −1
6
(
µC
b
T
)[(
µC
b
T
)
− iπ
] [(
µC
b
T
)
− 2iπ
]
. (257)
Furthermore, the term
(
∆m2D (G)
)b
is found to be eliminated from the final results
of the gluon polarization tensor with external line legs, namely, Π(gp)α′α
a′a(p0, ~p) =(
Ta
′
)
cb
(Ta)bcΠ(gp)α′α
bc(p0, ~p).
The gluon’s part of the gluon polarization tensor with the soft external momentum p and
the external adjoint color indexes a′ a becomes
Π(gp)α′α
a′a (p0, ~p) = Π(g−l)α′α
a′a (p0, ~p) + Π(tp)α′α
a′a (p0, ~p) + Π(gh)α′α
a′a (p0, ~p) ,
=
(
Ta
′
)
c′b′
(Ta)bc
[
Π(gp)α′α
bc(p0, ~p)
]
δb
′b δc
′c,
=
(
m2D (G)
)a′a −δ0α′ δ0α + p0 ∫ dΩ4π kˆα′ kˆα(p0 − kˆ · ~p)
 . (258)
The gluon’s part of the screening Debye mass is given by(
m2D (G)
)a′a
=
(
m2D (G)
)a
δa
′a,
=
(
Ta
′
)
c′b′
(Ta)bc
(
m2D (G)
)bc
δb
′b δc
′c, (259)
where the two external gluon legs are labeled by the adjoint color indexes a′ a while the hard
internal loop segments are labeled by b′ b and c′ c.
E. Quark-loop diagram kernel Πql(p, k)
The quark-loop part of the gluon-self energy is depicted in Fig. (2 d). The structure of
the quark-loop in the gluon’s self-energy is quite different from the gluon’s part that is given
by the gluon-loop, tadpole and the ghost-loop. The interaction kernel of the quark-loop
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is a function of the soft external momentum p and the hard internal momentum k. The
two soft external gluon legs are identified by the adjoint color indexes a′ a and the Lorentz
polarization indexes, namely, α′ α. It is given by
Πα
′α
(ql)
a′a
(p, k) = Πα
′α
(ql)
a′a
(p0, ~p, k0, ~k),
=
NF∑
Q
Πα
′α
(ql)Q
a′a
(p, k), (260)
where the sum is taken over the flavors and the kernel of quark-loop polarization tensor is
given by
Πα
′α
(ql)Q
a′a
(p, k) = Πα
′α
(ql)Q
a′a
(p0, ~p, k0, ~k),
= tr
[(
−g γα′ ta′†i′j′
)
iSQj′j(k0, ~k)
× (−g γα taji) iSQii′(p0 − k0, ~p− ~k)] . (261)
Eq. (261) is reduced to
Πα
′α
(ql)Q
a′a
(p, k) = ta
′†
i′j′ t
a
ji
[
Πα
′α
(ql)Q j′j ii′
(p, k)
]
,
≡ ta′i′j′ taji
[
Πα
′α
(ql)Q j′j ii′
(p, k)
]
. (262)
In terms of the internal loop fundamental color indexes, it is reduced to
Πα
′α
(ql)Q j′j ii′
(p, k) = Πα
′α
(ql)Q j′j ii′
(p0, ~p, k0, ~k),
= g2 tr
[
γα
′
iSQj′j(k0, ~k) γα iSQii′(p0 − k0, ~p− ~k)
]
. (263)
The kernel of quark-loop for the gluon polarization tensor Πα
′α
(ql)Q j′j ii′
(p, k) is identified by
the internal fundamental color indexes i′ i and j′ j for the two internal quark segments of the
quark loop. The external adjoint color indexes a′ a for the two soft external gluon legs are
coupled to the internal quark fundamental color indexes for the two hard internal segments
(i.e. the upper and lower arcs) of the internal quark-loop through the fundamental matrices
elements ta
′
i′j′ and t
a
ji. The trace (i.e. tr) is over the Dirac matrices which appear in the
quark propagators. The summation is considered over all the given flavors. It will be a good
approximation to take the sum only over the up, down and strange flavors since the heavy
flavors are suppressed strongly because of their large masses.
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F. Quark’s part of gluon self-energy: Πql (p0, ~p)
The quark loop in the gluon polarization tensor is written as follows,
Πα
′α
(ql)
a′a
(p0, ~p) =
∫
d3~k
(2π)3
∫
dk0
2π
NF∑
Q
Πα
′α
(ql)Q
a′a
(p0, ~p, k0, ~k),
=
NF∑
Q
t
a′†
i′j′t
a
ji
[
Πα
′α
(ql)Q j′j ii′
(p0, ~p)
]
,
≡
NF∑
Q
ta
′
i′j′t
a
ji
[
Πα
′α
(ql)Q j′j ii′
(p0, ~p)
]
, (264)
where Πα
′α
(ql)Q
a′a
(p0, ~p, k0, ~k) is the colored kernel of the quark loop self-energy that is defined
by Eqns. (260) and (261). It is shown in Eq. (264) that the quark-loop is given in terms of
the soft external gluon momentum p, the Lorentz polarization indexes α′ α and the adjoint
color indexes a′ a as well. Furthermore, the quark-loop part of the gluon polarization tensor,
which carries external adjoint color indexes a′ a, is decomposed to the components those are
identified by the fundamental color indexes i′ i and j′ j. Those fundamental color indexes
correspond the upper and lower segments of the internal quark loop. As mention below
Eq. (263), the adjoint color indexes a′ a for the two soft external gluon legs are coupled to
the internal quark fundamental color indexes for the two hard internal quark segments (i.e.
the upper and lower arcs) of the internal quark-loop through the elements of fundamental
matrices ta
′
i′j′ and t
a
ji. In the imaginary-time formalism, the quark-loop that is identified by
the internal quark-loop’s fundamental color indexes i′ i and j′ j can be written in terms of
the mixed-time representation as follows,[
Πα
′α
(ql)Q j′j ii′
(p0, ~p, k0, ~k)
]
=
∫ β
0
dτ
∫ β
0
dτ ′e[k0−µQ−i
1
β
θj]τe[(k0−p0)−µQ−i
1
β
θi]τ ′
×
[
Πα
′α
(ql)Q j′j ii′
(τ,~k; τ ′, ~k − ~p)
]
. (265)
The quark-loop kernel becomes a function of the mixed-time variables τ and τ ′. It is reduced
to [
Πα
′α
(ql)Q j′j ii′
(τ,~k; τ ′, ~k − ~p)
]
= g2 tr
[
γα
′
iSQj′j(τ,~k) γα iSQii′(τ ′, ~k − ~p)
]
. (266)
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The integration of Eq. (265) over the momentum time-component k0 gives[
Πα
′α
(ql)Q j′j ii′
(p0, ~p,~k)
]
=
∫
dk0
2π
[
Πα
′α
(ql)Q j′j ii′
(p0, ~p, k0, ~k)
]
,
= −
∫ β
0
dτe−[p0+i
1
β
(θi−θj)](β−τ)
×
[
Πα
′α
(ql)Q j′j ii′
(τ,~k; β − τ,~k − ~p)
]
, (267)
where following identity∫
dk0
2π
e[k0−µQ−i
1
β
θj]τe[(k0−p0)−µQ−i
1
β
θi]τ ′ =
∫
dk0
2π
e[k0−µQ−i
1
β
θj](τ+τ ′)e−[p0+i
1
β
(θi−θj)]τ ′ ,
=
1
β
∑
n
eiωn(τ+τ
′)e−[p0+i
1
β
(θi−θj)]τ ′ ,
= −δ (τ + τ ′ − β) e−[p0+i 1β (θi−θj)]τ ′ , (268)
is considered. Furthermore, the following useful identity
exp
([
p0 + i
1
β
(θi − θj)
]
β
)
= 1, (269)
is considered because of the Matsubara definition for the gluon time-like energy, namely,
p0 + i
1
β
(θi − θj) = i 2mπ
β
,
≡ p0 + i 1
β
φa,
(
given that a = (ij)︸︷︷︸
)
. (270)
The standard Foldy-Wouthuysen energy decomposition simplifies the calculation of
Eq. (267). Moreover, Eq. (266) is decomposed into the positive and negative energy com-
ponents as follows[
Πα
′α
(ql)Q j′j ii′
(τ,~k; β − τ,~k − ~p)
]
=
∑
r=±
∑
s=±
[
Π
(rs)α′α
(ql)Q ji
(τ,~k, ~p)
]
δj′j δi′i. (271)
Using the preceding Foldy-Wouthuysen decomposition, Eq. (267) is decomposed to the pos-
itive and negative energy components as follows[
Πα
′α
(ql)Q j′j ii′
(p0, ~p,~k)
]
= −
∫ β
0
dτe−[p0+i
1
β
(θi−θj)](β−τ)
×
±∑
r
±∑
s
[
Π
(rs)α′α
(ql)Q ji
(τ,~k, ~p)
]
δj′j δi′i,
=
±∑
r
±∑
s
[
Π
(rs)α′α
(ql)Q ji
(p0, ~p,~k)
]
δjj′ δii′. (272)
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The positive-positive component, namely, Π
(++)α′α
(ql)Q ji
(τ,~k, ~p) is reduced to
[
Π
(++)α′α
(ql)Q (τ,
~k, ~p)
]
= g2 Λ
(++)
Q
α′α
(
~k, ~p
)[
1− nF
(
ǫQ(~k)− µQ − i 1
β
θj
)]
×
[
1− nF
(
ǫQ(~k − ~p)− µQ − i 1
β
θi
)]
× exp
(
−τ
[
ǫQ(~k)− µQ − i 1
β
θj
])
× exp
(
−(β − τ)
[
ǫQ(~k − ~p)− µQ − i 1
β
θi
])
, (273)
where the double Foldy-Wouthuysen energy projector is given by
Λ
(rs)
Q
α′α
(~k, ~p) = tr
[
γα
′
Λ
(r)
Q (
~k) γ0γ
α Λ
(s)
Q (
~k − ~p) γ0
]
, (where r = ±, s = ±). (274)
The double Foldy-Wouthuysen energy projectors are identified by the double Lorentz po-
larization indexes α′ α and the double positive and negative energy channels. The Foldy-
Wouthuysen energy component, namely, (++) of the quark-loop part of the gluon polariza-
tion tensor in the mixed-time representation reads,[
Π
(++)α′α
(ql)Q ji
(τ,~k, ~p)
]
= g2Λ
(++)α′α
Q
(
~k, ~p
)[
1− nF
(
ǫQ(~k)− µQ − i 1
β
θj
)]
×
[
1− nF
(
ǫQ(~k − ~p)− µQ − i 1
β
θi
)]
× exp
(
−τ
[
ǫQ(~k)− µQ − i 1
β
θj
])
× exp
(
−(β − τ)
[
ǫQ(~k − ~p)− µQ − i 1
β
θi
])
. (275)
The results for Foldy-Wouthuysen energy components, namely, (+−), (−+) and (−−) are
obtained in a similar manner. The approximation of the double Foldy-Wouthuysen energy
projectors in the limit (|~k| ≫ |~p|) simplifies the calculations drastically. They are identified
by the Lorentz polarization indexes α′ α. The time-time double Foldy-Wouthuysen energy
projectors are approximated to
Λ
(rs) 00
Q (
~k, ~p) ≡ Λ(rs)Q 00(~k, ~p) ≈ {(1 + rs)} , (276)
where {r = ±, s = ±} are the positive and negative energy components. The time-space
components are given by
Λ
(rs) 0m
Q (
~k, ~p) ≡ Λ(rs)Q 0m(~k, ~p) ≈ − (s+ r) kˆm. (277)
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Furthermore, the space-space components are approximated to
Λ
(rs)nm
Q (
~k, ~p) ≡ Λ(rs)Qnm(~k, ~p) ≈
[
δij (1− r s) + 2r s kˆn kˆm
]
. (278)
Therefore, the Lorentz polarization components, namely, α′ α of the double Foldy-
Wouthuysen energy projectors are reduced to{
Λ
(rs) 00
Q (
~k, ~p)
}
≈ {2, 0, 0, 2} ,{
Λ
(rs) 0m
Q (
~k, ~p)
}
≈
{
−2kˆm, 0, 0, 2kˆm
}
,{
Λ
(rs)nm
Q (
~k, ~p)
}
≈
{
2kˆn kˆm, 2
(
δnm − kˆn kˆm
)
, 2
(
δnm − kˆn kˆm
)
, 2kˆn kˆm
}
, (279)
for the positive and negative {(++), (+−), (−+), (−−)} energy components, respectively.
Evaluating the integral in Eq. (272) over the time variable τ in order to find the inverse
transformation of the mixed-time representation, the positive-positive energy component of
the quark-loop part of the gluon polarization tensor is reduced to
Π
(++)α′α
(ql)Q ji
(p0, ~p) =
∫
d3~k
(2π)3
[
Π
(++)α′α
(ql)Q ji
(p0, ~p,~k)
]
, (280)
where
Π
(++)α′α
(ql)Q ji
(p0, ~p,~k) = −g2 Λ(rs)α
′α
Q (
~k, ~p)
×
nF
(
ǫQ(~k)− µQ − iθjβ
)
− nF
(
ǫQ(~k − ~p)− µQ − iθiβ
)
p0 −
(
ǫQ(~k)− ǫQ(~k − ~p)
)
 . (281)
The results for the components (+−), (−+) and (−−) are obtained in a similar manner.
Using the symmetry argument under the sum of the repeated index, we have the following
result,
ta
′
ij t
a
ji
[
nF
(
ǫQ(~k)− µQ − iθj
β
)
− nF
(
ǫQ(~k)− µQ − iθi
β
)]
= 0. (282)
Since in the HTL approximation, we have ~p << ~k (i.e. p/k ∼ g), then by evaluating the
integration over ~k, Eq. (281) is approximated to
Π
(++)nm
(ql)Q ji
(p0, ~p) =
∫
d|~k|
2π2
|~k|2
∫
dΩk
4π
[
Π
(++)nm
(ql)Q ji
(p0, ~p,~k)
]
,
= −2g2
∫
dΩk
4π
kˆnkˆm
kˆ · ~p
p0 − kˆ · ~p
×
(∫
d|~k|
2π2
|~k|2 d
d|~k|
[
nF
(
ǫQ(~k)− µQ − iθj
β
)])
,
≡ 1
2
[(· · · θi · · · ) + (· · · θj · · · )] , (283)
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for space-space, namely, nm Lorentz component. The last line indicates the symmetrization
over the color indexes i and j. The symmetry over the polar integration leads to∫
dΩk
4π
(
δnm − kˆnkˆm
) kˆ · ~p
p0 + kˆ · ~p
= −
∫
dΩk
2π
(
δnm − kˆnkˆm
) kˆ · ~p
p0 − kˆ · ~p
. (284)
Moreover, a similar result is obtained for (−−) component but replacing
nF
(
ǫQ(~k)− µQ − iθjβ
)
with nF
(
ǫQ(~k) + µQ + i
θj
β
)
. The same approximation is con-
sidered in calculating the (+−) and (−+) components. The result for the sum over (+−)
and (−+) components is reduced to
r=±∑
s=−r
Π
(rs)nm
(ql)Q ji
(p0, ~p) =
[
Π
(+−)nm
(ql)Q ji
(p0, ~p) + Π
(−+)nm
(ql)Q ji
(p0, ~p)
]
,
=
∫
d|~k|
2π2
|~k|2
∫
dΩk
4π
[
Π
(+−)nm
(ql)Q ji
(p0, ~p,~k) + Π
(−+)nm
(ql)Q ji
(p0, ~p,~k)
]
,
≈ 2g2
∫
dΩk
4π
(
δnm − kˆnkˆm
)(∫ d|~k|
2π2
|~k|
×
[
1 + nF
(
ǫQ(~k)− µQ − iθj
β
)
+ nF
(
ǫQ(~k) + µQ + i
θj
β
)])
.(285)
By dropping the first term inside the square bracket which is a non-thermal one and retaining
only the thermal terms, Eq. (285) becomes,
r=±∑
s=−r
Π
(rs)nm
(ql)Q ji
(p0, ~p) ≈ −g2
∫
dΩk
4π
(
δnm − kˆn kˆm
)(∫ d|~k|
2π2
|~k|2 d
d|~k|
×
[
nF
(
ǫQ(~k)− µQ − iθj
β
)
+ nF
(
ǫQ(~k) + µQ + i
θj
β
)])
. (286)
Furthermore, by imposing the tensor identity∫
dΩk
(
δnm − 3kˆnkˆm
)
= 0, (287)
and the relation
kˆ · ~p
p0 − kˆ · ~p
= 1− p0
p0 − kˆ · ~p
, (288)
the quark-loop part, namely, Πql(p0, ~p) of the gluon polarization tensor is reduced to[
Πnm(ql) ji(p0, ~p)
]
=
nF∑
Q=1
[
Πnm(ql)Q ji(p0, ~p)
]
,
≈ −2g2
nF∑
Q=1
∫
d|~k|
2π2
|~k|2 d
d|~k|
[
nF
(
ǫQ(~k)− µQ − iθj
β
)
+nF
(
ǫQ(~k) + µQ + i
θj
β
)](
p0
∫
dΩk
4π
kˆnkˆm
p0 − kˆ · ~p
)
. (289)
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Furthermore, Eq. (289) is re-expressed as follows[
Πnm(ql) ji(p0, ~p)
]
≈ (m2D (Q))ij
(
p0
∫
dΩk
4π
kˆnkˆm
p0 − kˆ · ~p
)
. (290)
The quark-loop part of the Debye mass is symmetrized as follows(
m2D (Q)
)
ij
≡ 1
2
[(
m2D (Q)
)
i
+
(
m2D (Q)
)
j
]
. (291)
It should be noted here that the fundamental color indexes, namely, i and j run over all
color charges in the final calculation. The summation over the fundamental color index i is
identical to that over j. Hence, the quark-loop part of the Debye mass, with the fundamental
color index i, is reduced to (
m2D (Q)
)
i
=
nF∑
Q=1
(
m2D (Q)Q
)
i
, (292)
where(
m2D (Q)Q
)
i
= 4g2
∫
d|~k|
2π2
|~k|
[
nF
(
ǫQ(~k)− µQ − iθi
β
)
+ nF
(
ǫQ(~k) + µQ + i
θi
β
)]
,
=
2g2
π2
[
π2
6 β2
+
1
2
(
µQ + i
1
β
θi
)2]
. (293)
When the real fundamental color potential is considered, namely, i 1
β
θi → µCi, Eq. (292) is
reduced to (
m2D (Q)
)
i
→ 2g
2
π2
NF∑
Q=1
[
π2
6 β2
+
1
2
(µQ + µCi)
2
]
. (294)
The quark-loop part of the gluon polarization tensor with the Lorentz polarization indexes,
namely, αα′ and the internal fundamental color indexes, namely, i and j is reduced to[
Πα
′α
(ql) ji
(p0, ~p)
]
=
NF∑
Q=1
[
Πα
′α
(ql)Q ji
(p0, ~p)
]
,
=
(
m2D (Q)
)
ji
[
−δ0α′δ0α + p0
∫
dΩk
4π
kˆα′ kˆα
p0 − kˆ · ~p
]
. (295)
Moreover, the quark-loop part with the Lorentz polarization indexes αα′ and the external
adjoint color indexes, namely, a and a′ for the two external gluon legs is transformed as
follows, [
Πα
′α
(ql)
a′a
(p0, ~p)
]
= ta
′
i′j′ t
a
ji δj′jδi′i
[
Πα
′α
(ql) ji
(p0, ~p)
]
,
=
(
m2D (Q)
)a′ a [−δ0α′ δ0α + p0 ∫ dΩk
4π
kˆα′ kˆα
p0 − kˆ · ~p
]
. (296)
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Therefore, the quark-loop part of the gluon Debye mass with the external gluon legs, which
are labeled by the adjoint color indexes a a′, is related to the Debye mass with internal
fundamental color indexes i j in the following way(
m2D (Q)
)a′a
= ta
′
ijt
a
ji
(
m2D (Q)
)
ij
,
= ta
′
ijt
a
ji
(
m2D (Q)
)
i
, (or i→ j). (297)
G. The Gluon Polarization tensor and the Debye mass
The total gluon polarization tensor, namely, Πα
′αa
′a
(p0, ~p) is found by adding the con-
tribution of the gluon’s part which consists the gluon loop, ghost loop and tadpole and the
contribution of the quark loop all together. The contribution of the gluon’s part is given by
Eq. (258) while the contribution from the quark loop is given by Eq. (296). Hence, the total
gluon self-energy from the all Feynman diagrams which are displayed in Figs. (2 a), (2 b),
(2 c) and (2 d) is given by
Πα
′αa
′a
(p0, ~p) =
[
Πα
′α
(gp)
a′a
(p0, ~p) + Π
α′α
(ql)
a′a
(p0, ~p)
]
. (298)
Hence, the (total) gluon polarization tensor is reduced to
Πα′α
a′a (p0, ~p) =
(
m2D
)a′a [−δ0α′δ0α + p0 ∫ dΩk
4π
kˆα′ kˆα
p0 − kˆ · ~p
]
. (299)
The gluon Debye mass with the external adjoint color indexes a and a′ for the two external
gluon legs is given by (
m2D
)a′a
=
[(
m2D (Q)
)a′a
+
(
m2D (G)
)a′a]
, (300)
where the first term on the right hand side comes from the quark-loop while the second
one is contribution of the gluon’s part of the gluon polarization tensor. The gluon Debye
mass with the external adjoint color indexes a and a′ is related to the internal loop Debye
mass elements with the internal fundamental color indexes i j and the internal adjoint color
indexes b c in the following way,(
m2D
)a′ a
=
[
ta
′
ij t
a
ji
(
m2D (Q)
)
ij
+Ta
′
cbT
a
bc
(
m2D (G)
)
bc
]
. (301)
It should be noted that
(
m2D (Q)
)
ij
≡
(
m2D (Q)
)
i
and
(
m2D (G)
)
bc
≡
(
m2D (G)
)
b
. Furthermore,
the adjoint color index b can be replaced by the double fundamental-like color indexes by
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the notation structure b = (nm)︸ ︷︷ ︸. The summation over the repeated indexes and considering
the symmetry of the fundamental and adjoint indexes i j and b c, respectively, contract the
double adjoint color indexes and lead to following result(
m2D
)a′a
= δa
′a
(
m2D
)a
. (302)
Hence, the gluon Debye mass is identified by only one external adjoint color index a in the
following way, (
m2D
)a
=
[
Nc
(
m2D (G)
)a
+
1
2
(
m2D (Q)
)a]
, (303)
where
(
m2D (G)
)a
=
√
2
Nc
Nc∑
ij
tain
(
m2D (G)
)(nj)︸︷︷︸ , (304)
and
(
m2D (Q)
)a
=
√
2
Nc∑
ij
taij
(
m2D (Q)
)
i
. (305)
Moreover, the double adjoint color indexes for the gluon polarization tensor can be con-
tracted and the soft gluon polarization tensor is reduced to
Πα′α
a′a (p0, ~p) = δ
a′ aΠα′α
a, (306)
where
Πα′α
a (p0, ~p) =
(
m2D
)a [−δ0α′δ0α + p0 ∫ dΩk
4π
kˆα′ kˆα
p0 − kˆ · ~p
]
. (307)
The final result of the soft gluon polarization tensor is gauge fixing independent.
The gluon polarization tensor Πα′α
a′a (p0, ~p) is transverse and is satisfying the relation
pα
′
Πα′α
a′a(p0, ~p) = 0. The soft gluon polarization tensor can be written with respect to
the Lorentz polarization indexes α′ α = {0 0, 0 i, i j}, respectively, for the time-time, time-
space and space-space Lorentz polarization components. The time-time component of the
gluon polarization reads
Π00
a (p0, ~p) =
(
m2D
)a [−1 + p0 ∫ dΩk
4π
1
p0 − kˆ · ~p
]
,
= − (m2D)a [1− 12 p0
∫ 1
−1
dx
1
p0 − |~p|x
]
, (308)
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while time-space component reads,
Π0i
a (p0, ~p) =
(
m2D
)a [−p0pˆi ∫ dΩk
4π
(kˆ · pˆ)
p0 − kˆ · ~p
]
,
=
(
m2D
)a [−p0pˆi1
2
∫ 1
−1
dx
x
p0 − |~p|x
]
. (309)
In order to compute the space-space Lorentz polarization components with space indexes,
namely, i j, the following transformation
~k =
∑
i
(
~k · pˆi
)
pˆi, (310)
is introduced. In the spherical coordinate, it reads
~k =
(
~k · pˆr
)
pˆr +
(
~k · pˆθ
)
pˆθ +
(
~k · pˆφ
)
pˆφ, (311)
≡
(
~k · pˆ
)
pˆ +
(
~k · pˆ⊥
)
pˆ⊥. (312)
Subsequently, the transverse projector becomes
pˆ⊥ipˆ⊥j → (δij − pˆipˆj) . (313)
Therefore, the space-space component with space polarization indexes, namely, i j is reduced
to
Πij
a (p0, ~p) = (pˆipˆj)
(
m2D
)a [p0
2
∫ 1
−1
dx
x2
p0 − |~p|x
]
+ (δij − pˆipˆj)
(
m2D
)a [1
2
p0
2
∫ 1
−1
dx
1− x2
p0 − |~p|x
]
. (314)
The gluon polarization tensor is decomposed to longitudinal (electric) and transverse (mag-
netic) components as follows
Πij
a (p0, ~p) = (δij − pˆipˆj) ΠT a(p0, ~p)− (pˆipˆj) p
2
0
~p2
ΠL
a(p0, ~p), (315)
where
ΠL
a(p0, ~p) = −
(
m2D
)a ~p2
p20
[
p0/|~p|
2
∫ 1
−1
dx
x2
(p0/|~p|) − x
]
, (316)
and
ΠT
a(p0, ~p) =
(
m2D
)a [1
2
p0/|~p|
2
∫ 1
−1
dx
1− x2
(p0/|~p|) − x
]
. (317)
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H. Real and imaginary parts of the gluon polarization tensor
The real and imaginary parts of the gluon polarization tensor are essential to determine
the Debye screening and Landau damping phenomena, respectively. The Debye screening
means that the range of the gauge interaction is reduced by the factor e
−
√
(m2D)
a
r
where
(m2D)
a
is square Debye mass. This corresponds that the gluon is acquiring an effective mass
in order to soften the infrared behavior of the gluon static electric propagator component
−1
p2
→ −1
p2+(m2D)
a . In this case, the the Debye mass acts as an infrared cutoff. It is known
that the static magnetic field is not associated with an infrared cutoff and subsequently the
transverse component is not screened.
The Landau damping stems from the imaginary part of the gluon polarization tensor. It
is the mechanical energy that is transfered from the chromo-field to the plasma constituent
particles. Furthermore, the imaginary part is associated with the decay rate of the gluon
where the resulting energy is absorbed by the plasma constituents and subsequently, the
chromo-field is damped. The Landau damping in QCD is non-trivial phenomena due to the
nonlinear effects besides the Landau damping is operative in both soft gluons and quarks.
The gluons with soft momentum and hard thermal loop self-energy are dynamically screened
by the Landau damping.
The analytic continuation of the gluon polarization tensor is introduced as follows
1
x − x0 ± i η = P
(
1
x − x0
)
∓ i π δ (x − x0) . (318)
where the first term on the right hand side is the principal value while the second term is the
Dirac delta function. Hence, the longitudinal and transverse components of the soft gluon
polarization tensor are written, respectively, as follows
ΠL
a(p0, ~p) = −
(
m2D
)a ~p2
p20
(
1
2
p0
|~p|
∫ 1
−1
dxx2
[
P
(
1
p0
|~p|
− x
)
− i π δ
(
p0
|~p| − x
)])
, (319)
and
ΠT
a(p0, ~p) =
(
m2D
)a(1
2
1
2
p0
|~p|
∫ 1
−1
dx
(
1− x2) [ 1p0
|~p|
− x − i π δ
(
p0
|~p| − x
)])
. (320)
Since the variable x is restricted to the range −1 ≤ x ≤ 1, the constraint for the principal
value to avoid the singularity is the time-like energy region p20 > ~p
2 while the constraint to
develop the Dirac delta function is the space-like energy region ~p2 ≥ p20. Therefore, the real
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and imaginary parts virtually can not be generated simultaneously but rather they can be
dominated either by a real part in the time-like energy domain or by an imaginary part for
the space-like energy domain. The real part is suppressed in the time-like energy.
At first, when the energy runs over the time-like energy domain (i.e. physical domain
p0 > |~p|), the longitudinal and transverse gluon polarization tensor components turn to their
real parts, respectively, as follows,
ΠL
a(p0, ~p) = ℜeΠLa(p0, ~p),
(
time-like energy p20 > ~p
2
)
,
ℜeΠLa(p0, ~p) =
(
m2D
)a [
1−Q0
(
p0
|~p|
)]
, (321)
and
ΠT
a(p0, ~p) = ℜeΠT a(p0, ~p),
(
time-like energy p20 > ~p
2
)
,
ℜeΠT a(p0, ~p) = 1
2
(
m2D
)a [p20
~p2
+
(
1− p
2
0
~p2
)
Q0
(
p0
|~p|
)]
. (322)
On the other hand, when the energy switches to run over the space-like energy domain (i.e.
0 ≤ p0 ≤ |~p|), the gluon polarization tensor components turn to be dominated by the
imaginary parts and subsequently they are reduced solely to their imaginary parts in the
following way,
ΠL
a (p0, ~p) = iℑmΠLa (p0, ~p) ,
(
space-like energy p20 ≤ ~p2
)
,
ℑmΠLa (p0, ~p) =
(
m2D
)a(πp0
2|~p|
)
θ (|~p| − p0) , (323)
and
ΠT
a (p0, ~p) = iℑmΠT a (p0, ~p) ,
(
space-like energy p20 ≤ ~p2
)
,
ℑmΠT a (p0, ~p) = −1
2
(
m2D
)a(
1− p
2
0
~p2
)(
πp0
2|~p|
)
θ (|~p| − p0) , (324)
for the longitudinal and transverse components, respectively.
I. Effective Gluon propagator
The effective gluon propagator with adjoint color indexes a′ a and Lorentz polarization
indexes µ ν for the gluon’s two external legs is represented as follows
∗Gµνa′a(p0, ~p) = δa′a ∗Gµνa(p0, ~p). (325)
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The adjoint color indexes a′ a are contracted by the Kronecker delta δa
′ a. The gluon prop-
agator is gauge dependent. The gluon propagator in the Coulomb gauge fixing, where the
electric and magnetic components can be separated, reads
∗GCµνa(p0, ~p) = ∗GCµνa(p0, ~p)− ξC
pµpν
~p2
1
~p2
. (326)
The gluon propagator is decomposed to
∗GC00a(p0, ~p) = ∗GLa(p0, ~p),
∗GCija(p0, ~p) = (δij − pˆipˆj) ∗GT a(p0, ~p), (327)
in the strict Coulomb gauge where ξC = 0. The effective gluon propagator
∗GCµνa(p0, ~p) is
determined by finding the inverse of the following quantity,
∗G−1C µν
a
(p0, ~p) = G−1C µν
a
(p0, ~p) + Πµν
a(p0, ~p), (328)
where G−1C µν
a
(p0, ~p) is the gluon propagator in the Coulomb gauge. The longitudinal part
becomes,
∗GLa(p0, ~p) = −1
~p2 +ΠL
a(p0, ~p)
,
= − 1
~p2
+
[
ΠL
a(p0, ~p)
~p2
]
1
~p2 +ΠL
a(p0, ~p)
, (329)
while the transverse component is reduced to
∗GT a(p0, ~p) = −1
p20 − ~p2 −ΠT a(p0, ~p)
. (330)
In the time-like energy domain (i.e. p20 > ~p
2), it is possible to write the longitudinal and
transverse components of the gluon propagator near the mass shell residues, respectively, as
follows
GLa(p0, ~p) = −1
(~p2 +ΠL
a(p0, ~p))
,
≈ − zL
a(p0, |~p|)
p20 − (ωLa)2
,
(mass-shell residues: p20 ≈ (ωLa)2 , (331)
where the longitudinal residue ωL
a is the solution of
ωL
a : ~p2 +ΠL
a(ωL
a, ~p) = 0, (332)
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and
∗GT a(p0, ~p) ≈ − zT
a(~p)(
p20 − (ωT a)2
) ,
(mass-shell residues: p20 ≈ (ωT a)2 , (333)
where the transverse residue ωT
a is the solution of
ωT
a : (ωT
a)2 − ~p2 − ΠaT (ωT a, ~p) = 0. (334)
The longitudinal and transverse pre-factors zL
a(~p) and zT
a(~p), respectively, are positive
functions. In the time-like energy domain and in the limit |~p| → 0 or p0/|~p| → ∞, the
longitudinal and transverse polarization components are reduced, respectively, to
lim
p0/|~p|→large
ΠL(p0, ~p) = −1
3
~p2
p20
(
m2G
)a
,
lim
p0/|~p|→large
ΠT (p0, ~p) =
1
3
(
m2G
)a
. (335)
Hence, the effective longitudinal and transverse gluon propagator components become
lim
~p2<<p2
0
∗GLa(p0, ~p) ≈ − 1
~p2 − ~p2
p2
0
(
m2G
)a
/3
,
= −p
2
0
~p2
1
p20 −
(
m2G
)a
/3
, (time-like energy domain), (336)
and
lim
~p2<<p2
0
∗GT a(p0, ~p) ≈ − 1
p20 −
(
m2G
)a
/3
, (time-like energy domain), (337)
respectively. For example, the transverse gluon propagator component is re-expressed in the
time-like energy domain as follows
∗GT a(p0, ~p) = zT
a(~p)
2ωT
a
[
1
ωT
a − p0 −
1
−ωT a − p0
]
,
=
π zT
a(~p)
ωT
a
∫
dξ
2π
[
δ (ξ − ωT a)
ξ − p0 −
δ (ξ + ωT
a)
ξ − p0
]
. (338)
The transverse poles are restricted to the time-like dispersion relation ωT
a > |~p|. It is can
be written in the form of the spectral density formalism in the following way
∗GT a(p0, ~p) =
∫
dξ
2π
( ∗ρT
a(ξ, |~p|))
ξ − p0 . (339)
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The spectral density for the time-like energy domain, namely, p20 > ~p
2, is given by
∗ρT
a (ξ, |~p|) = π
ωT
a zT
a(~p) [δ (ξ − ωT a)− δ (ξ + ωT a)] . (340)
Furthermore, the extrapolation from the time-like energy domain to the space-like energy
domain is established by the analytic continuation and setting p0 → p0+ i η in following way
∗GT a (p0 + iη, ~p) =
∫ ∞
−∞
dξ
2π
∗ρT
a (ξ, |~p|) 1
ξ − p0 − i η ,
=
∫ ∞
−∞
dξ
2π
∗ρT
a (ξ, |~p|)
[
P
(
1
ξ − p0
)
+ i π δ(ξ − p0)
]
,
=
[∫ ∞
−∞
dξ
2π
∗ρT
a (ξ, |~p|)P
(
1
ξ − p0
)]
+ i
1
2
( ∗ρT
a(p0, |~p|)). (341)
The first term on the right hand side which is enclosed by square brackets appears in the
time-like energy domain and it is responsible for the transverse Debye screening while the
second term, which is an imaginary one, emerges in the space-like energy domain and it
causes the Landau damping. The longitudinal and transverse gluon polarization tensors are
imaginary in the space-like energy domain ~p2 ≥ p20. They are calculated as follows
∗ρS
a (p0, |~p|) = 2ℑm ( ∗GSa(p0 + iη, ~p)), (342)
where the subscript S = L, T refers to the longitudinal and the transverse components,
respectively. They are re-written as follows
∗ρS
a (p0, |~p|) = 2ℑm ( ∗GSa(p0 + iη, ~p)) θ
(
~p2 − p20
)
,
= βS
a (p0, ~p) θ
(
~p2 − p20
)
, (with S = L, T ). (343)
Hence, in the context of the spectral density formalism, the space-like longitudinal and
transverse spectral densities become
∗ρS
a (ξ, |~p|) = βSa (ξ, ~p) θ
(
~p2 − ξ2) , (344)
where
βS
a (ξ, ~p) = 2ℑm ( ∗GSa(ξ + iη, ~p)), (345)
and S = L, T correspond the longitudinal and transverse components, respectively. More-
over, both longitudinal and transverse gluon propagators split to the Debye screening parts
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and the Landau damping parts, respectively, as follows
∗GLa (p0 + iη, ~p) = − 1
~p2
+
[∫ ∞
−∞
dξ
2π
( ∗ρL
a(ξ, |~p|))P
(
1
ξ − p0
)
θ
(
ξ2 − ~p2)]
+
∫ ∞
−∞
dξ
2π
[βL
a (ξ, ~p) θ (~p2 − ξ2)]
ξ − p0 , (346)
and
∗GT a (p0 + iη, ~p) =
[∫ ∞
−∞
dξ
2π
( ∗ρT
a(ξ, |~p|))P
(
1
ξ − p0
)
θ
(
ξ2 − ~p2)]
+
∫ ∞
−∞
dξ
2π
[βT
a (ξ, ~p) θ (~p2 − ξ2)]
ξ − p0 . (347)
The first integral on the right hand side of Eqns. (346) and (347) is the Debye screening in
the time-like energy domain while the second integral is the Landau damping in the space-
like energy domain. It is possible to write the longitudinal and transverse gluon propagator
components in the terms of the spectral density formalism in the following way
∗GLa (p0, ~p) = − 1|~p|2 +
∫ ∞
−∞
dξ
2π
∗ρL
a (ξ, ~p)
ξ − p0 , (348)
and
∗GT a (p0, ~p) =
∫ ∞
−∞
dξ
2π
∗ρT
a (ξ, ~p)
ξ − p0 , (349)
respectively. Furthermore, the longitudinal and transverse gluon propagator components
are transformed to
∗GLa (τ, ~p) = −
∑
l δ(τ − lβ)
|~p|2
+
∫ ∞
−∞
dξ
2π
∗ρL
a
(
ξ − i φ
a
β
, ~p
)
e
−
(
ξ−i φ
a
β
)
τ
[
θ(τ) +NG
(
ξ − i φ
a
β
)]
,(350)
and
∗GT a (τ, ~p) =
∫ ∞
−∞
dξ
2π
∗ρT
a
(
ξ − i φ
a
β
, ~p
)
e
−
(
ξ−i φ
a
β
)
τ
[
θ(τ) +NG
(
ξ − i φ
a
β
)]
, (351)
respectively, in the mixed-time representation of the imaginary-time formalism.
VII. THE EFFECTIVE VERTEXES
In order to study the effective hard thermal quark self-energy and the effective hard
thermal gluon polarization tensor besides the other quantities in the ultra-relativistic heavy
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ion collisions, the effective n-quarks and m-gluons vertexes become essential in addition to
the effective quark and gluon propagators. The effective n-quarks andm-gluons vertexes can
be calculated to any order of the coupling constant g. For only the sake of simplicity, we shall
limit the approximation up to the order gn+m for the vertexes with n+m external gluons and
quarks. The calculation of the effective vertexes for n-quarks and m-gluons is demonstrated
by calculating the effective quark-quark-gluon vertex and the effective 2-quarks and 2-gluons
vertex. The Feynman diagrams those contribute to the effective quark-quark-gluon vertex
up to the order g3 are displayed in Fig. (3) while those contribute to the effective 2-quarks
and 2-gluons vertex up to the order g4 are displayed in Fig. (4).
A. quark-quark-gluon vertex
The effective quark-quark-gluon vertex can be calculated to any order of the interaction
coupling g. Its effective interaction is depicted in Fig. (3 a). In order to calculated the
effective quark-quark-gluon vertex up to the order of g3, the effective quark-quark-gluon
vertex is given by the sum of the interactions that are given in Figs. (3 b), (3 c) and (3
d). The effective vertex is found by calculating the bar vertex and the corrections up to the
order g3. The bar quark-quark-gluon vertex is the interaction up to order g and its Feynman
diagram is depicted in Fig. (3 b). It reads
Γ3(0)
aµ
= −gγµtaij. (352)
The next lowest order corrections to the bar vertex is of order g3. The first correction is
displayed in Fig. (3 c). The kernel of the first correction is constructed as follows
Γ3(A)
aµ
ij (P,Q;R) =
∫
d4k
(2π)4
[−gγβtbi′i] Gβγbc (k) [−gγγtcjj′] iSj′l(k −Q)
× [−gγµtal′l] iSl′i′(k − P ),
= −g3 T 3(A)aij [i′j′ b] V3(A)
µ
[i′j′ b](P,Q;R), (353)
where the momentum R is assigned for the external gluon leg while the momenta P and Q
are assigned for the two external quark legs. The vertex decomposition with respect to the
fundamental color indexes, namely, i j for two quarks and the adjoint color indexes, namely,
a for one gluon is given by
T 3(A)aij [i′j′ b] = tbi′itbjj′tai′j′, (354)
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and
V3(B)µ[i′j′ b](P,Q;R) =
∫
d4k
(2π)4
γβGβγbc (k)δbcγγ iSj′(k −Q)γµ iSi′(k − P ). (355)
The second term correction is illustrated by the Feynman diagram that is depicted in Fig. (3
d). This correction is of order g3. Its interaction vertex is constructed as follows
Γ3(B)
aµ
ij (P,Q;R) =
∫
d4k
(2π)4
[−gγβtbi′i] iSi′j′(k + P ) [−gγγtcj′j]Gγ′γcc′ (k + P −Q)
×
[
−igfab′c′Γµβ′γ′ (−R,−k, k + P −Q)
]
Gβ′βb′b (k),
= g3T 3(B)aij [i′j′ bc]V3(B)
µ
[i′j′ bc](P,Q;R), (356)
where the fundamental and adjoint color decomposition for the two quarks with fundamental
color indexes i j and one gluon with an adjoint color index a, respectively, is given by,
T 3(B)aij [i′j′ bc] = tbii′tcj′jTabc, (357)
and
V3(B)µ[i′j′ bc](P,Q;R) =
∫
d4k
(2π)4
γβ iSi′(k + P ) δi′j′ γγGγγ′c (k + P −Q)
×Γγ′µβ′ (k + P −Q,−R,−k)Gβ′βb (k). (358)
The effective quark-quark-gluon vertex with the corrections up to the order g3 is obtained
by adding the first and second term corrections which are of order g3 to the bar vertex which
is of order g. Hence, the effective quark-quark-gluon vertex becomes
∗Γ3
aµ
ij (P,Q;R) = −gγµtaij + g3V3aµij (P,Q;R), (359)
where the correction up to the order of g3 is given by
V3
aµ
ij (P,Q;R) = −T 3(A)
a
ij [i′j′ b] V3(A)
µ
[i′j′ b](P,Q;R)
+T 3(B)aij [i′j′ bc]V3(B)
µ
[i′j′ bc](P,Q;R). (360)
B. 2-quarks and 2-gluons vertex
When the correction is considered up to the order g4, the the effective 2-quarks and 2-
gluons vertex becomes essential in the self-energy corrections (i.e. the radiative corrections).
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When the radiative correction is considered up to the order less than g4, the effective 2-
quarks and 2-gluons vertex becomes redundant. The Feynman diagram for the effective
2-quarks and 2-gluons vertex is displayed in Fig. (4 a). The effective 2-quarks and 2-gluons
vertex is calculated from three Feynman diagrams that are displayed in Figs. (4 b), (4 c)
and (4 d). The first correction to the 2-quarks and 2-gluons vertex is displayed in Fig. (4 b).
It consists of four quark-quark-gluon vertexes, three internal quark lines and one internal
gluon line. Every internal quark line is identified by the fundamental color indexes while
the gluon line has adjoint color indexes. The contribution of the first correction is of order
g4. The interaction kernel is constructed as follows
Γ4(A)
ab µν
ij (P,Q;S,R) =
∫
d4k
(2π)4
[
−gγµ′ta′ni
]
Gµ′ν′a′b′ (k)
[
−gγν′tb′jm
]
iSmm′(k −Q)
× [−gγνtbl′m′] iSl′l(k −Q− S) [−gγµtan′l] iSn′n(k − P ),
= g4 T 4(A)abij [nml a′] V4(A)
µν
[nml a′](P,Q;S,R). (361)
The fundamental and adjoint color indexes, namely, i j and a b, respectively, are decomposed
by the following projector
T 4(A)abij [nml a′] = ta
′
nit
b′
jmt
b
lmt
a
nl δa′b′. (362)
This projector consists of four fundamental color generators due to the four quark-quark-
gluon vertexes. The color projector is defined by
V4(A)µν[nml a′](P,Q;S,R) =
∫
d4k
(2π)4
γµ
′Gµ′ν′a′b′ (k)δa′b′γν
′
iSm(k −Q)γν iSl(k −Q− S)
× γµ iSn(k − P ). (363)
The Feynman diagram of the second correction is depicted in Fig. (4 c). It consists three
quark-quark-gluon vertexes and one 3-gluons vertex besides two internal gluon lines and two
internal quark lines. The interaction kernel for the second term correction for the 2-quarks
and 2-gluons vertex is constructed as follows
Γ4(B)
ab µν
ij (P,Q;S,R) =
∫
d4k
(2π)4
[
−gγα′tc′in
]
iSnn′(k)
[−gγνtbm′n′] iSmm′(k −R)
×
[
−gγβ′td′mj
]
Gβ′βd′d (k −R−Q)
× [g (Ta)cd Γµαβ (−S,−k + P, k −R −Q)]
× Gαα′cc′ (k − P ). (364)
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From the preceding equation, the second term correction is written as follows
Γ4(B)
ab µν
ij (P,Q;S,R) = −g4 T 4(B)
ab
ij [nmcd] V4(B)
µν
[nmcd](P,Q;S,R), (365)
where the decomposition of the fundamental and adjoint color indexes for quarks and gluons,
respectively, is given by
T 4(B)abij [nmcd] = tcintbmntdmj (Ta)cd , (366)
and
V4(B)µν[nmcd](P,Q;S,R) =
∫
d4k
(2π)4
γα
′
iSn(k)γν iSm(k − R)γβ′Gβ
′β
d′d (k −R−Q)δd′d
× Γµαβ (−S,−k + P, k −R−Q)Gαα′cc′ (k − P )δc′c. (367)
Finally, the third correction for the 2-quarks and 2-gluons vertex is given by the Feynman
diagram that is depicted in Fig. (4 d). It consists two quark-quark-gluon vertexes and two
3-gluons vertexes besides three internal gluon segments (i.e. lines) and one internal quark
segment (i.e. line). The interaction kernel for the third correction is furnished by
Γ4(C)
ab µν
ij (P,Q;S,R) =
∫
d4k
(2π)4
[
−gγα′tc′in
]
iSnm(k)
[
−gγβ′td′mj
]
Gβ′βd′d (k −Q)
×
[
g
(
Tb
)
e′d
Γνω
′β (−R,−(k −Q− R), k −Q)
]
Gω′ωe′e (k −Q−R)
× [g (Ta)ce Γµαω (−S,−(k − P ), k −Q−R)]Gαα
′
cc′ (k − P ). (368)
There are two fundamental color generators and two adjoint color generators to represent
the quark and gluon couplings. Eq. (368) is reduced to
Γ4(C)
ab µν
ij (P,Q;S,R) = g
4 T 4(C)abij [n cde] V4(C)
µν
[n cde](P,Q;S,R), (369)
where
T 4(C)abij [n cde] = tcintdnj
(
Tb
)
ed
(Ta)ce , (370)
and
V4(C)µν[n cde](P,Q;S,R) =
∫
d4k
(2π)4
γα
′
iSnm(k)δnmγβ′Gβ
′β
d′d (k −Q)δd′d
× Γνω′β (−R,−(K −Q−R), K −Q)Gω′ωe′e (K −Q− R)δe′e
× Γµαω (−S,−(K − P ), K −Q− R)Gαα′cc′ (K − P )δc′c. (371)
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Therefore, the effective 2-quarks and 2-gluons vertex up to the order of g4 is given by
adding the first, second and third correction terms those are given by Eqns. (361), (365),
(369), respectively. The result for the effective 2-quarks and 2-gluons vertex becomes
∗Γ4
ab µν
ij (P,Q;S,R) = Γ
4(A)ab µν
ij (P,Q;S,R) + Γ
4(B)ab µν
ij (P,Q;S,R)
+Γ4(C)
ab µν
ij (P,Q;S,R),
= g4
[
T 4(A)abij [nml a′] V4(A)
µν
[nml a′](P,Q;S,R)
− T 4(B)abij [nmcd] V4(B)
µν
[nmcd](P,Q;S,R)
+T 4(C)abij [n cde] V4(C)
µν
[n cde](P,Q;S,R)
]
. (372)
VIII. EFFECTIVE QUARK SELF-ENERGY UP TO THE ORDER O(g2)
In order to calculate the colored quark decay rate in the ultra-relativistic heavy ion
collisions, the effective quark self-energy must be calculated with the HTL approximation.
In this case the momentum of the external quark line is hard (i.e. of order ∼ T ) while the
momentum of the internal loop is soft (i.e. of order ∼ g T ). The vertexes that appear in the
correction loop are hard ones. The effective quark self-energy is calculated up to the order
of g2. The relevant Feynman diagrams are depicted in Fig. (5).
In Fig. (5 a), the self-energy interaction for the hard quark line is represented by an
internal quark-gluon loop where the internal loop is composed of a quark segment with an
effective hard thermal quark self-energy correction and a gluon segment with an effective
hard thermal gluon self-energy correction. Since the quark is considered hard, the bar quark
propagator is sufficient in the calculation. The quark segment is shown by the internal
lower semi-circle and it is identified by fundamental color indexes while the gluon segment
is identified by adjoint color indexes and it appears as an internal upper semi-circle that
complements the quark lower semi-circle in order to form the internal quark-gluon loop. The
internal hard thermal quark-gluon loop consists of two hard quark-quark-gluon vertexes and
one internal hard quark line (i.e. the HTL is not necessary) and one internal soft gluon line
segment with the HTL correction. Furthermore, the external quark momentum (p0, ~p) is
taken to be hard one with respect to the internal momentum (k0, ~k) with the assumption
that |~k| / |~p| ≤ g ≪ 1. Since the external momentum |~p| is assumed to be of the order
|~p| ∼ T , the internal momentum becomes of order |~k| ∼ g p ∼ g T . The lowest order
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correction to be considered for the effective quark self-energy is of order of g2 in the present
work. The other contribution to the hard quark line’s self-energy is given by the hard quark
line with a gluon tadpole which is depicted in Fig. (5 b). The tadpole consists one effective
hard thermal 2-gluons and 2-quarks vertex and an internal gluon loop with an effective HTL
gluon correction and two external quark legs. The lowest order correction of the tadpole
for the hard quark line is of order O(g4). When the effective quark self-energy is calculated
up to the order of g2, the quark-gluon loop interaction which is displayed in Fig. (5 a) is
sufficient while the tadpole interaction which is displayed in Fig. (5 b) can be neglected. The
effective quark self-energy is calculated by integrating the internal soft momentum, namely,
(k0, ~k) as follows,
∗ΣQij(p0, ~p) =
∫
d4k
(2π)3
∗ΣQij(p0, ~p, k0,
~k). (373)
The internal momentum k appears in the interaction kernels that are displayed in Fig. (5).
The effective interaction kernel with the internal thermal quark-gluon loop which is displayed
in Fig. (5 b) is written as follows:
∗ΣQij
(
p0, ~p, k0, ~k
)
= ∗Γ3
a µ
ii′ i
∗SQi′j′(p− k) ∗Γ3
b ν
j′j
∗Gµνab (k),
≈ Γ3a µii′ iSQi′j′(p− k) Γ3
b ν
j′j
∗Gµνab (k), (374)
where
∗Γ3
aµ
ii′ =
∗Γ3
aµ
ii′ (p,−p + k,−k),
≈ −g γµ taii′ +O(g3), (375)
and
∗Γ3
b ν
j′j =
∗Γ3
b ν
j′j(p− k,−p, k)
≈ −g γν tbj′j +O(g3). (376)
Since the external quark line is assumed to be hard, the internal quark loop segment is
assumed to carry the hard part of the external momentum. The effective internal quark
propagator is approximated to the bar one. Eq. (374) is approximated up to the order of g2
to
∗ΣQij(p0, ~p, k0,
~k) ≈ (ta)in(ta)nj ∗ΣQan(p0, ~p, k0, ~k), (377)
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where
∗ΣQ
a
n(p0, ~p, k0,
~k) ≈ g2 [γ0 i ∗Sn(p− k) γ0 ∗GaL(k)]
+ g2
3∑
l,k=1
[
γl i
∗Sn(p− k) γk
(
δlk − kˆlkˆk
)
∗GaT (k)
]
,
≈ g2 [γ0 iSn(p− k) γ0 ∗GaL(k)]
+ g2
3∑
l,k=1
[
γl iSn(p− k) γk
(
δlk − kˆlkˆk
)
∗GaT (k)
]
. (378)
Furthermore, by considering Eq. (377), Eq. (374) is reduced to
∗ΣQij(p0, ~p) = (t
a)in(t
a)nj
∗ΣQ
a
n(p0, ~p), (379)
where
∗ΣQ
a
n(p0, ~p) =
∫
d4k
(2π)3
∗ΣQ
a
n(p0, ~p, k0,
~k). (380)
The Foldy-Wouthuysen energy transformation decomposes the interaction kernel
∗ΣQ
a
n(p0, ~p, k0,
~k) to positive and negative energy components as follows
∗ΣQ
a
n(p0, ~p, k0,
~k) ≈ g2
[∑
r=±
γ0 h
(r)
Q
(
~p− ~k
)
γ0∆
(r)
Qn(p− k) ∗GLa(k)
+
∑
r=±
3∑
l,k=1
γl h
(r)
Q
(
~p− ~k
)
γk
(
δlk − kˆlkˆk
)
∆
(r)
Qn(p− k) ∗GT a(k)
]
.
(381)
Performing the integration over the time-component variable k0 reduces Eq. (381) to the
following result
∗ΣQ
a
n(p0, ~p,
~k) = g2
[∑
r=±
γ0 h
(r)
Q
(
~p− ~k
)
γ0
∗K(r)L
a
Qn(p0, ~p,
~k)
+
∑
r=±
3∑
i,j=1
γi h
(r)
Q
(
~p− ~k
)
γj
(
δij − kˆikˆj
)
∗K(r)T
a
Qn(p0, ~p,
~k)
]
, (382)
where
∗K(r)S
a
Qn(p0, ~p,
~k) =
∫
dk0
2π
∗∆
(r)
Qn(p− k) ∗GSa(k),
=
∫
dk0
2π
∫ β
0
dτ
∫ β
0
dτ ′e[(p0−k0)−µQ−
iθn
β ]τ
′
e
[
k0−
iφa
β
]
τ
×∆(r)Qn(τ ′, ~p− ~k) ∗GSa(τ,~k),
=
∫ β
0
dτe
[
p0−µQ−
iθn
β
− iφ
a
β
]
τ
∆
(r)
Qn(τ, ~p− ~k) ∗GSa(τ,~k). (383)
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The subscript S = L, T is referred to the longitudinal and transverse component, respec-
tively. The integrations over the variables k0 and τ are evaluated explicitly in Eqns. (382)
and (383). The results for the positive and negative Foldy-Wouthuysen energy components
of the interaction kernel are reduced to
∗K(+)S
a
n(p0, ~p,
~k) =
∫ ∞
−∞
dξ0
2π
1− nF
(
ǫQ(~p− ~k)− µQ − iθnβ
)
+NG
(
ξ0 − iφaβ
)
p0 − ǫQ(~p− ~k)− ξ0

× ∗ρSa
(
ξ0 − iφ
a
β
,~k
)
, (384)
and
∗K(−)S
a
n(p0, ~p,
~k) =
∫ ∞
−∞
dξ0
2π
nF
(
ǫQ(~p− ~k) + µQ + iθnβ
)
+NG
(
ξ0 − iφaβ
)
p0 + ǫQ(~p− ~k)− ξ0

× ∗ρSa
(
ξ0 − iφ
a
β
,~k
)
, (385)
respectively. By adopting the approximation of |~k|/|~p| ≈ g ≪ 1, the pole of Eq. (384) is
allocated in the following position,
|~p| ≈ p0,
ǫQ(~p− ~k) ≈ |~p| − |~k|kˆ · pˆ,
p0 − ǫQ(~p− ~k)− ξ0 ≈ |~k|kˆ · pˆ− ξ0.
(386)
The conservation of color charges connects both the fundamental and the adjoint color
chemical potentials for the quark-quark-gluon vertex in the following way
φa = φ
(ii′)︸︷︷︸,
= θi − θi′ . (387)
This leads to θi = θn + φ
a in the quark-gluon loop interaction that is depicted in Fig. (5
a). Therefore, by using the preceding results and preforming the analytic continuation over
the external momentum’s time-component p0 → p0 + i η, Eq. (384) is approximated to the
following result:
∗K(+)S
a
n(p0 + iη, ~p,
~k) =
∫ ∞
−∞
dξ0
2π
[
P
(
1
|~k| kˆ · pˆ− ξ0
)
+ i π δ
(
ξ0 − |~k| kˆ · pˆ
)]
×
[
1− nF
(
ǫQ(~p− ~k)− µQ − iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]
× ∗ρSa
(
ξ0 − iφ
a
β
,~k
)
. (388)
76
In this class of function (i.e. Eq. (388)), the real and imaginary parts do not overlap
with each other and they do not enhance simultaneously in the momentum complex plane.
The real part exists only in the time-like energy domain ~p2 < p20. When the momentum
turns to run over the space-like energy domain ~p2 ≥ p20, the imaginary part is developed
while the real part is strongly suppressed. In the limit ~p2 → p20 that when ~p2 approaches
p20 from below, the time-like energy domain switches to the space-like energy domain and
consequently the imaginary part is developed while the real part disappears under the present
HTL approximation. Therefore, the resultant imaginary part is reduced to
∗K(+)S
a
n(p0 + iη, ~p,
~k) =
∫ ∞
−∞
dξ0
2π
[
1− nF
(
ǫQ(~p− ~k)− µQ − iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]
× i π δ
(
ξ0 − |~k| kˆ · pˆ
)
∗ρS
a
(
ξ0 − iφ
a
β
,~k
)
,
(in space-like energy domain), (389)
for the external hard p-momentum (i.e. the external hard quark line) and the internal soft
k-momentum (i.e. the internal soft gluon line). It should be noted that the spectral density
∗ρS
a
(
ξ0, ~k
)
is given in the space-like energy domain. On the other hand, the negative
Foldy-Wouthuysen energy component, that is given by Eq. (385), is approximated to
∗K(−)S
a
n(p0, ~p,
~k) ≈ 1
2|~p|
∫ ∞
−∞
dξ0
2π
[
nF
(
ǫQ(~p− ~k) + µQ + iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]
× ∗ρSa
(
ξ0 − iφ
a
β
,~k
)
,
∗K(−)S
a
n(p0 + iη, ~p,
~k) ≈ dropped from the calculation. (390)
It is evident that the negative Foldy-Wouthuysen component has no pole and it does not
develop any imaginary part for the external p-momentum even when the momentum turns
to run over the space-like energy domain. This means that Eq. (390) can be dropped from
the calculation since it does not develop an imaginary part in the space-like energy domain.
The relevant quantity for the quark decay rate is
1
4|~p|tr [p · γ
∗Σ (p0, ~p)] , (391)
in the limit |~p| → p0 + i η from below (i.e. the brink of space-like energy domain). It is
useful to introduce the following approximations
1
4|~p|tr
[
(p · γ)γ0h+
(
~p− ~k
)
γ0
]
≈ 1, (392)
77
and
1
4|~p|tr
[
(p · γ)γih+
(
~p− ~k
)
γj
]
≈ pˆipˆj, (393)
under the assumption of the hard external p-momentum and the soft internal loop k-
momentum (i.e. p ≫ k and k/p ∼ g). The decay rate for the quark line with external
fundamental color indexes δij and the hard momentum is given by
γQij = lim
|~p|→p0
1
4|~p| tr
[
(p · γ) ∗ΣQij(p0 + iη, ~p)
]
,
=
∑
a
∑
n
tain t
a
nj γQ
a
n. (394)
In order to be specific, the decay rate is given by taking the imaginary part of γQij and γQ
a
n.
The decay rate part of the internal quark-gluon loop, namely, γQ
a
n with an internal quark
segment with a fundamental color index n and a gluon segment with an adjoint color index
a is given by
γQ
a
n = lim
|~p|→p0
1
4|~p| tr
[
(p · γ) ∗ΣQan(p0 + iη, ~p)
]
,
= lim
|~p|→p0
1
4|~p| tr
[
(p · γ)
∫
d3~k
(2π)3
∗ΣQ
a
n(p0 + iη, ~p,
~k)
]
. (395)
In the limit |~p| → p0, the quark’s decay rate of the effective internal thermal quark-gluon
loop is reduced to
γQ
a
n =
1
4|~p| tr
[
(p · γ) ∗ΣQan(p0 + i η, ~p,~k)
]
,
= g2
[∫
d3~k
(2π)3
∗K(+)L
a
n(p0 + i η, ~p,
~k)
+
∫
d3~k
(2π)3
(
1− (pˆ · kˆ)2
)
∗K(+)T
a
n(p0 + i η, ~p,
~k)
]
. (396)
By using Eq. (389), the quark’s decay rate which is given by Eq. (396) is reduced to
γQ
a
n = lim
|~p|→p0
1
4|~p| tr
[
(p · γ) ∗ΣQan(p0 + i η, ~p)
]
,
= g2 (i π)
∫ ∞
−∞
dξ0
2π
∫
d3~k
(2π)3
δ
(
ξ0 − |~k| kˆ · pˆ
) [
∗ρL
a
(
ξ0 − iφ
a
β
,~k
)
+
(
1− (pˆ · kˆ)2
)
∗ρT
a
(
ξ0 − iφ
a
β
,~k
)]
×
[
1− nF
(
ǫQ(~p− ~k)− µQ − iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]
. (397)
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The Dirac δ-function is transformed to
δ
(
ξ0 − |~k| kˆ · pˆ
)
=
1
|~k|
δ
(
cos θ − ξ0
|~k|
)
. (398)
Furthermore, by transforming the δ-function using δ
(
ξ0 − |~k| kˆ · pˆ
)
→[
1/|~k|
]
δ
(
cos θ − ξ0/|~k|
)
and evaluating the integral that is given in Eq. (397) over
kˆ · pˆ = cos θ where cos θ = ξ0/|~k|, the calculation leads to the interval constraint
|~k| ≥ ξ0 ≥ −|~k|. The decay rate of the internal quark-gluon loop is reduced to
γQ
a
n = g
2 (i π)
∫ ∞
0
d|~k|
(2π)2
|~k|
∫ |~k|
−|~k|
dξ0
2π
[
∗ρL
a
(
ξ0 − iφ
a
β
,~k
)
+
(
1− ξ
2
0
~k2
)
∗ρT
a
(
ξ0 − iφ
a
β
,~k
)]
×
[
1− nF
(
ǫQ(~p− ~k)− µQ − iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]∣∣∣∣
kˆ·pˆ=ξ0/|~k|
. (399)
The spectral density is given by
∗ρS
a
(
ξ0, ~k
)
= βS
a
(
ξ0, ~k
)
θ
(
~k2 − ξ20
)
, (where S = T, L), (400)
in the space-like energy domain. Therefore, the decay rate is re-written as follows
γQ
a
n = g
2 (i π)
∫ ∞
0
d|~k|
(2π)2
|~k|
∫ |~k|
−|~k|
dξ0
2π
[
βL
a
(
ξ0 − iφ
a
β
,~k
)
+
(
1− ξ
2
0
~k2
)
βT
a
(
ξ0 − iφ
a
β
,~k
)]
×
[
1− nF
(
ǫQ(~p− ~k)− µQ − iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]∣∣∣∣
kˆ·pˆ=ξ0/|~k|
. (401)
The explicit expressions for the longitudinal and transverse spectral densities are given by
βL
a (ξ0, ~p) =
ΠL
a(ξ0, ~p)
(~p2)2 + [ΠL
a(ξ0, ~p)]
2 ,
βT
a (ξ0, ~p) = − ΠT
a(ξ0, ~p)
(ξ20 − ~p2)2 + [ΠT a(ξ0, ~p)]2
, (402)
respectively, where
ΠL
a(ξ0, ~p) = (m
2
D)
a
(
π ξ0
2|~p|
)
,
ΠT
a(ξ0, ~p) = −1
2
(m2D)
a
(
1− ξ
2
0
|~p|2
)(
π ξ0
2|~p|
)
. (403)
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Since it is supposed that ξ0− iφa/β ≤ g T ≪ 1, the gluon’s partition becomes the dominant
term. Hence, it is possible to assume the following approximation[
1− nF
(
ǫQ(~p− ~k)− µQ − iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]∣∣∣∣
kˆ·pˆ=ξ0/|~k|
≈ NG
(
ξ0 − iφ
a
β
)
,
≈ T
ξ0 − iφaβ
,
→ T
ξ0 − µCa . (404)
This approximation simplifies the calculation of the hard quark decay rate drastically. For
instance, the gluonic part of the colored fermion Landau frequency and the colored gluon’s
Debye mass develop nontrivial imaginary terms for the (real-) flavor and (real/imaginary-)
color chemical potentials. These imaginary parts vanish when the adjoint color potentials
vanish. The condition µC
a = (µCA − µCB) = 0 (where a = 1, · · · , N2c − 1), means that fun-
damental chemical potentials become equal to each other for different color species, namely,
blue, green and red colors. The equality of the fundamental color chemical potentials is
possible in the U(Nc) symmetry group. In the SU(Nc) symmetry group, the equality con-
straint implies that the color chemical potentials vanish because of the unimodular condition∑Nc
i=1 θi = 0. Therefore, in order to set µ
a = 0, either the fundamental color chemical po-
tentials vanish or the quark lines carry all the color information in the sense that the quark
segment of internal loop carries the same color charge of the external quark line. The later
possibility imposes an additional color contraction δi n where i and n are the external and
internal quark lines indexes, respectively. In the case that all the fundamental color chemical
potentials vanish the system turns to be color neutral and this is equivalent to neglect the
explicit color degrees of freedom for quarks and gluons. Under the extreme conditions when
the the free mobile of colored quarks and gluons matter is reached, it is possible that the
adjoint color chemical potentials of the internal gluon’s segment become finite and subse-
quently the fundamental color chemical potentials turn to be finite. In this case, the Debye
mass squared becomes an imaginary one. The external and internal quark lines are pre-
sumed hard while the internal gluon segment is considered to be soft then it is reasonable to
imagine that in the deconfinement matter most of the energy information is carried by the
hard colored quark lines. Under this assumption, the internal adjoint color potential µC
a
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vanishes (i.e. µC
a → 0) and Eq. (404) is reduced to[
1− nF
(
ǫQ(~p− ~k)− µQ − iθn
β
)
+NG
(
ξ0 − iφ
a
β
)]∣∣∣∣
kˆ·pˆ=ξ0/|~k|
→ T
ξ0
. (405)
The resultant decay rate with the approximation those are given by Eqns. (404) and (405)
is reduced to
γQ
a
n = i
g2 T
4π2
∫ ∞
0
d|~k| |~k|
∫ |~k|
−|~k|
dξ0
2π
1(
ξ0 − iφaβ
) [βLa(ξ0 − iφa
β
,~k
)
+
(
1− ξ
2
0
~k2
)
βT
a
(
ξ0 − iφ
a
β
,~k
)]
,
≈ i g
2 T
4π2
∫ ∞
0
d|~k| |~k|
∫ |~k|
−|~k|
dξ0
2π
1
ξ0
[
βL
a
(
ξ0, ~k
)
+
(
1− ξ
2
0
~k2
)
βT
a
(
ξ0, ~k
)]
. (406)
Nonetheless, the validity of these kind of approximations need to be scrutinized numerically
and to be tested experimentally at LHC. The decay rate for the quark with the external
fundamental color indexes, namely, i j is determined by
γQi j =
Nc∑
n
N2c−1∑
a
(ta)in (t
a)nj γQ
a
n,
= i
Nc∑
n
N2c−1∑
a
(ta)in (t
a)nj
× g
2 T
4π2
∫ ∞
0
d|~k| |~k|
∫ |~k|
−|~k|
dξ0
2π
1
ξ0
[
βL
a
(
ξ0, ~k
)
+
(
1− ξ
2
0
~k2
)
βT
a
(
ξ0, ~k
)]
. (407)
The decay rate is calculated by taking ℑm
(
γQi j
)
where
γQi j = i δij
1
2Nc
[
Nc
Nc∑
n
γQ
(in)︸︷︷︸ − γQ(00)︸︷︷︸
]
,
≈ i δij N
2
c − 1
2Nc
γQ
(00)︸︷︷︸, (408)
and
γQ
(AB)︸ ︷︷ ︸ = g2 T
4π2
∫ ∞
0
d|~k| |~k|
∫ |~k|
−|~k|
dξ0
2π
1
ξ0
[
βL
(AB)︸ ︷︷ ︸ (ξ0, ~k)
+
(
1− ξ
2
0
~k2
)
βT
(AB)︸ ︷︷ ︸ (ξ0, ~k)
]
. (409)
The observable quantities such as the decay rate of colored quark turn to be dependent on the
fundamental color chemical potentials and the interaction details. The fluid characteristic
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of the quark-gluon plasma in RHIC energy support the idea of the role of the color degrees
of freedom and the weakly color coupling in the quark-gluon plasma.
IX. DISCUSSION AND CONCLUSION
It is argued that the quark-gluon plasma above the tri-critical point of the phase tran-
sition from the low-lying hadronic phase to the quark-gluon plasma is not true deconfined
matter but rather a weakly interacting quarks and gluons. There are strong indications from
RHIC that quark-gluon plasma is a perfect fluid with a low shear viscosity and not a true
deconfined matter. Hence, it is natural to assume that the explicit role of the color degrees
of freedom becomes important above the deconfinement phase transition line in the phase
transition diagram from the hadronic matter to the quark-gluon plasma. Furthermore, it
is naive to believe that the quarks and gluons carry color charges and the color fugacities
tend to vary in the medium. The color chemical potentials appear explicitly in the quark
and gluon partition functions. In this case, the color degrees of freedom couple with the
other degrees of freedom such as the kinematic degree of freedom because the color chemical
potentials appear explicitly in the quark and gluon partition functions. The color chemical
potentials for the colored quarks are represented by the fundamental color chemical poten-
tials while color chemical potentials for the colored gluons are given by the adjoint ones.
The imaginary chemical potentials for quarks and gluons are given by the Fourier variables
i θi with a fundamental index, namely, i that runs over i = 1, · · · , Nc and i φa ≡ i (θA− θB)
with an adjoint index, namely, a = (AB)︸ ︷︷ ︸ that runs over a = 1, · · · , N2c −1, respectively. The
imaginary fundamental and adjoint color chemical potentials, namely, i θi/β and i φ
a/β, re-
spectively, maintain the conservation of color charges and/or project a specific internal color
symmetry when they are integrated over the invariance Haar measure and an appropriate
color wave-function. It is very relevant to calculate the equation of state with an expansion
of the weak coupling corrections for the quark-gluon bag with a specific internal color struc-
ture in order to understand the mechanism of the deconfinement phase transition. The real
fundamental and adjoint color chemical potentials, namely, µCi and µC
a = µCA − µCB for
quarks and gluons, respectively, adjust the color fugacities and determine the color densities.
Despite of the apparent complexity of the color construction, the calculation is found simple
and straightforward. The hard thermal loops with soft and hard momenta are extended
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in a straightforward manner to include the color degrees of freedom for quarks and gluons.
In general, there is always a way to decompose the external fundamental and adjoint color
indexes with respect to the internal loop color indexes. The Fermion plasma frequency is
decomposed as follows(
ω20Q
)
ij
=
(
ω20Q
)
i
δij,
=
N2c−1∑
a
Nc∑
n=1
tain t
a
nj
[(
ω20Q(Q)
)
n
+
(
ω20Q(G)
)a]
,
(there is no sum over the fundamental color indexes i , j), (410)
where (
ω20Q(Q)
)
n
=
g2
4π2
[
π2
6
T 2 +
1
2
(µQ + µCn)
2
]
, (411)
and (
ω20Q(G)
)a
=
g2
4π2
[
π2
3
T 2 − 1
2
(µCA − µCB)2 + i π T (µCA − µCB)
]
,(
given that a = (AB)︸ ︷︷ ︸
)
. (412)
The external fundamental color indexes i j are parametrized in terms of the internal loop’s
fundamental color index n and the internal loop’s adjoint color index a using the matrix
elements of fundamental and/or adjoint group generators. The colored gluon’s Debye mass
is decomposed as follows(
m2D
)a′a
=
(
m2D
)a
δaa
′
,
=
N2c−1∑
b,c=1
Nc∑
i,j=1
[
(Ta
′
)cb (T
a)†bc
(
m2D (G)
)b
+ ta
′
ij (t
a†)ji
(
m2D (Q)
)
i
]
,
(there is no sum over the adjoint color indexes a , a′), (413)
where (
m2D (G)
)b
=
g2
π2
[
π2
3
T 2 − 1
2
(µCA − µCB)2 + i π T (µCA − µCB)
]
,(
given that b = (AB)︸ ︷︷ ︸
)
, (414)
and (
m2D (Q)
)
i
=
2g2
π2
NF∑
Q=1
[
π2
6
T 2 +
1
2
(µQ + µCi)
2
]
. (415)
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The external adjoint color indexes a′ a for gluons are parameterized in terms of the internal
adjoint color indexes b c for the gluon and ghost loops and tadpole as well through the
elements of adjoint generators (i.e. adjoint matrices) while they are parameterized in terms
of the internal fundamental color indexes i j for the quark-loop. The astonished result is
that the gluon part of both the fermion Landau frequency and the Debye mass develop
an imaginary part for the real flavor and color chemical potentials. This imaginary part is
canceled when the color adjoint chemical potentials vanish. This nontrivial solution leads
to the conclusion that the fundamental color potential of various color species (i.e. red,
green and blue) tend to be equal to each other. However, the equality of the fundamental
color potentials is possible in the U(Nc) symmetry group while this equality in the SU(Nc)
symmetry group means that the fundamental color potentials are all identical to zero. The
possible alternate solution for vanishing the adjoint color chemical potentials is that the
quarks could carry all the color information and they do not violate the color species in
the interaction. These phenomena enrich the physics of the quark-gluon plasma above the
deconfinement phase transition.
On the other hand, the imaginary part disappears when both the imaginary flavor and the
imaginary color chemical potentials are adopted in the calculation. The imaginary chemical
potentials correspond Fourier variables for the grand canonical ensemble where the flavor
and color charges are conserved (i.e. the charge densities are calculated by the Fourier
transformation of the Fourier variables). In this case both the flavor and the color fugacities
are eliminated.
The gluon polarization tensor usually generates quadratic temperature terms (i.e(
∆m2D (G)
)b
∝ T 3 where b is any internal adjoint color index) in the virtual internal loop
interaction level [25–27]. Those quadratic temperature terms are fortunately found to can-
cel each other in the final result of the polarization tensor for the real colored gluon in the
medium. This cancellation takes place when the sum of all the internal adjoint color indexes
is considered.
The decay rate for the colored hard quark is written as follows
γQi j = γQi δij ,
=
Nc∑
n
N2c−1∑
a
(ta)in (t
a)nj γQ
a
n,
(there is no sum over the fundamental indexes i , j), (416)
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where the external fundamental color indexes i j are coupled to the internal fundamental
and adjoint color indexes of the internal loop through the matrix elements of the group
generators. The color fugacities enter explicitly the quarks’ and gluons’ partition functions
and moreover they appear explicitly in the fundamental quark and adjoint gluon propagators.
They also appears in the physical quantities such as the quark’s self-energy and gluon’s
polarization tensor. The finite color chemical potentials seem to modify the decay rate for the
colored hard quarks. Therefore, it is possible at the extreme conditions to see the decay rates
of the colored quarks to depend explicitly on the (fundamental-) color chemical potentials.
General speaking, despite of the apparent complexity of the internal color structure, it is
possible to extend the soft and hard thermal loop calculations to include the color degrees of
freedom for quarks and gluons explicitly. The internal color structure of quarks and gluons
above the deconfinement phase transition is rich and non-trivial one.
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FIG. 1: The soft quark self-energy correction.
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FIG. 2: The soft gluon self-energy correction.
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FIG. 3: The effective hard quark-quark-gluon vertex.
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FIG. 4: The effective hard 2-quarks and 2-gluons vertex.
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FIG. 5: Effective self-energy for the hard thermal quark.
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